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Abstract

This paper develops the adaptive elastic net GMM estimator in large dimensional models with
many possibly invalid moment conditions, where both the number of structural parameters and
the number of moment conditions may increase with the sample size. The basic idea is to
conduct the standard GMM estimation combined with two penalty terms: the quadratic
regularization and the adaptively weighted lasso shrinkage. The new estimation procedure
consistently selects both the nonzero structural parameters and the valid moment conditions. At
the same time, it uses information only from the valid moment conditions to estimate the selected
structural parameters and thus achieves the standard GMM efficiency bound as if we know the
valid moment conditions ex ante. It is shown that the quadratic regularization is important to
obtain the efficient estimator. We also study the tuning parameter choice, with which we show
that selection consistency still holds without assuming Gaussianity. We apply the new estimation
procedure to dynamic panel data models, where both the time and cross section dimensions are
large. The new estimator is robust to possible serial correlations in the regression error terms.
Keywords and phrases: Adaptive Elastic Net, GMM, many invalid moments, large dimensional
models, efficiency bound, tuning parameter choice, dynamic panel.

JEL No. C13, C23, D26

Keywords: Adaptive Elastic Net, GMM, many invalid moments, large dimensional models,
efficiency bound, turning parameter choice, dynamic panel

Mehmet Caner-North Carolina State University, Department of Economics, 4168 Nelson Hall,
Raleigh, NC 27695
Email: mcaner@ncsu.edu

Xu Han-City University of Hong Kong, Department of Economics and Finance, Hong Kong.
Email: xuhan25@cityu.edu.hk

Yoonseok Lee-Syracuse University, Department of Economics and Center for Policy Research,
426 Eggers Hall, Syracuse, NY 13244
Email: ylee41@maxwell.syr.edu



mailto:xuhan25@cityu.edu.hk
mailto:ylee41@maxwell.syr.edu

1 Introduction

Structural parameter estimation with endogenous regressors is a very common issue in applied
econometrics. For proper inferences, however, researchers need to choose the valid instruments or
moment conditions as well as the correct structural model before estimation. When the number
of moment conditions is small and fixed, the moments/models are normally justified using some
based on some economic theory or intuition; pre-testing procedures based on over-identifying re-
strictions tests are also commonly used, though any ad hoc moment/model selection could affect
the post-selection inferences (e.g., Leeb and Potscher, 2005). Such issues gain more importance in
high dimensional models since we have a higher chance of misspecification with many endogenous
regressors and many instruments/moment conditions. Unfortunately, the standard statistical tool
may not be used immediately with a large number of instruments. For example, the standard
over-identifying restrictions test or some moment/model selection procedure (e.g., Andrews, 1999;
Andrews and Lu, 2001) are computationally challenging and hard to be generalized to the case of
large dimensional models; they may not even follow the standard asymptotics (e.g., Newey and
Windmeijer, 2009; Lee and Okui, 2012). Therefore, with many endogenous regressors and many
moment conditions, the validity of moments and selection of the model come to the fore. In this
case, shrinkage methods can be useful.

Since the valid moment conditions depend on the validity of the instruments as well as the
correct model specification, in fact, they should be considered together. However, the existing
literature on the shrinkage GMM /two-step method mostly does not question on the validity of the
instruments; it is normally assumed that all the available instruments are valid (i.e., orthogonal to
the structural error). For example, a seminal paper by Belloni, Chernozhukov, Chen, and Hansen
(2012) introduces a heteroskedasticity consistent lasso estimator and provides finite sample perfor-
mance bounds, but it focuses on the optimal instrument selection given that all the instruments
are valid. Caner and Zhang (2014) consider the adaptive elastic net GMM estimation with many
structural parameters and instruments, but they assume all the instruments are valid.

This paper develops the adaptive elastic net GMM estimator in large dimensional models with
many possibly invalid moment conditions, where both the number of structural parameters and
the number of moment conditions may increase with the sample size. The basic idea is to conduct
the standard GMM estimation combined with two penalty terms: the quadratic regularization

lo-penalty and the adaptively weighted lasso shrinkage £1-penalty. So the key contribution of



this paper is to handle both the valid moment condition (or instruments) selection problem and
the correct model selection problem simultaneously. The new estimation procedure is shown to
consistently select both the nonzero structural parameters and the valid moment conditions.

Furthermore, the new estimator uses information only from the valid moment conditions to
estimate the selected structural parameters and thus achieves the standard GMM efficiency bound
as if we know the valid moment conditions ez ante. To achieve the efficiency bound, it is shown that
including the fs-penalty of the quadratic regularization is important in this particular problem. It
is because this ridge penalty controls for the possible (near) multicollinearity problem among the
instruments in the first stage regression, so that it allows for the estimation procedure to select all
the valid instruments even when they are highly correlated with each other. Apparently, including
more valid instruments will improve the efficiency of the GMM estimator.

We also discuss about the tuning parameter choice by developing a BIC-type criterion, based on
which we can still achieve the model/moment selection consistency. Unlike the results in the statis-
tics literature (e.g., Wang, Li, and Leng, 2009), our selection consistency result is obtained without
assuming Gaussianity. In addition, this paper shows that the Least Angle Regression (LARS) algo-
rithm by Efron, Hastie, Johnstone and Tibshirani (2004) can be extended to our large-dimensional
GMM framework. This algorithm gives a great computational advantage over downward or upward
testing procedures, especially in this large-dimensional setup. As an illustration, we apply the new
estimation procedure to dynamic panel regression models with fixed effect, where both the time and
cross section dimensions are large. The new estimator can be useful since it is robust to possible
serial correlations in the error terms of dynamic panel regressions.

There are some studies, that are closely related with the current paper, on the shrinkage method
with increasing number of moment conditions. Gautier and Tsybakov (2011) provide finite sample
performance bounds for Danzig selector when there are large number of invalid instruments. Fan
and Liao (2012) analyze the ultra high dimensional case when the number of moments are larger
than the sample size. Cheng and Liao (2013) provide asymptotic results in adaptive lasso when
there are many invalid moments. However, the current paper is different from the aforementioned
ones in the following sense. First, we develop the adaptive elastic net GMM estimation procedure,
which selects both the correct model and the valid moment conditions at the same time, when both
dimensions are large. Second, unlike the lasso method, by including the ¢ penalty as well as the
£1 penalty, we are able to control for the multicollinearity problem among the instruments so that

we can achieve the efficient GMM estimator. Also note that, though the current paper appears



similar to Caner and Zhang (2014), their technical aspects are fundamentally different because we
allow for invalid moment conditions.

The remainder of the paper is organized as follows. Section 2 introduces the basic setup and the
adaptive elastic net GMM estimator. Section 3 provides some technical assumptions and develops
the oracle property of the new estimator. As an illustration, the new estimation procedure is
applied to dynamic panel data regressions. Section 4 discusses some computational issues including
tuning parameter choice based on BIC-type criterion and computational algorithm using the LARS.

Section 5 provides simulation results and Section 6 concludes. Proofs are given in the Appendix.

2 Adaptive Elastic Net GMM

2.1 The setup

We consider a structural equation given by
Yi = XiBo +ui (1)

for i+ = 1,2,--- ,n, where X; is the p x 1 vector of endogenous regressors and 3, is the p x 1
true structural parameter vector. We assume the ¢ x 1 vector of instrumental variables Z;. For
simplicity, we assume all variables are demeaned. We allow that both the number of endogenous
regressors p and the number of instruments ¢ increase with the sample size n. However, we assume
that some components of (3 are zero so that the true model has a sparse representation. We denote
po as the number of nonzero components of 3. Similarly, we assume that the set of g-number of
instrumental variables Z; is a mixture of valid (i.e., they are uncorrelated with u;) and invalid (i.e.,
they are correlated with u;) instruments. We denote sy as the number of invalid instruments in Z;,
that is sg corresponds to the number of nonzero components of the ¢ x 1 moment condition vector

Though we have limited information about the validity of the moment conditions, we presume
a minimal set of valid moment conditions in Z;. We assume that at least (¢ — s)-number of moment
conditions are valid, where p < (¢ — s) < (¢ — s9) so that 8y in (1) is well identified. In this case,
s is the maximal number of invalid moment conditions such that sy < s, which is restricted as

(p+5) < g < n. Note that we assume p < n and ¢ < n but p + ¢ can be larger than n.! More

"We do not consider the case of ¢ > n in this paper, which is completely a different problem. For the case of
convex loss with exogenous covariates, recently Caner and Kock (2014) handle oracle inequalities and estimation

errors. Note that the techniques are entirely different from this paper because of the singularity of Gram matrix.



precisely, we rewrite the ¢ moment conditions as

E[Zu;) — Fro = E[Z;(Y; — X[By) — F10] =0 (2)
for each ¢ = 1,2--- ;n, where F'is the ¢ X s matrix given by
F— Oqfs,s
I

with 04— s being the (¢ — s) x s matrix of zeros and I, is the identity matrix with rank s. The s x 1
vector 7¢ includes all the sp-number of nonzero components of the moment condition E[Z;u;]. For
example, when all the moment conditions are valid and the researcher also believes so, it is simply
the case of s = 0, yielding the standard GMM case with E[Z;u;] = 0.

Note that some of the elements of 7¢ can be zero since sy < s. Therefore, the subset of moment
conditions E[Z;u;] that correspond to the first-block of F' (i.e., 04— s) are the minimal set of valid
moment conditions, which are required to know for identification, whereas the moment conditions
that correspond to the second-block of F' (i.e., I5) are potentially invalid moment conditions. The
main purpose of this paper is to develop a simultaneous procedure of model selection (i.e., choosing
the regressors that correspond to nonzero ;) and valid moment condition selection (i.e., choosing
the instrumental variables in Z; that are uncorrelated with u;) among this set of potentially invalid
moment conditions, as well as efficient estimation of the nonzero components of the structural

parameters (3.

2.2 The adaptive elastic net GMM estimator

For estimation, we generalize the adaptive elastic net estimation of Zou and Zhang (2009) to the
GMM setup. The basic idea is to conduct the standard GMM combined with two penalty terms
(i.e., the quadratic regularization and the adaptively weighted lasso shrinkage) so that both nonzero
Bo and valid moment conditions in (2) are correctly chosen as well as their consistent estimators
are obtained simultaneously. We let X = (X3, ,X,,)" and similarly for Y, Z and u. We define a
gxlvector Y, =2'Y =31 | ZY;, aqx (p+s) matrix X,p = [Z'X,nF] = > ,[Z;X],F], and a
(p+ s) x 1 vector of parameters 0y = (8(, 7))’ € RPTS. In this setup, the adaptive elastic net GMM

estimator for Oy is defined as

. Ao : . sy Ax g,
0= <1 + ﬁ> argmin q (V- — X.p0)W (Y, — X.p0) + X} Z;ijﬂ + Ao ;ej (3)
J= J=



from the moment condition (2), where W is some g X q symmetric and positive definite weight matrix,
and A\] and A2 are some positive tuning parameters. {ﬁj}fif are some data-dependent weights and
they are usually obtained as 7; = |9j7enet|_7 with some v > 1, where Oopor = (él,enet, e ,9p+57enet)’
denotes the (naive) elastic net estimator. @epes is obtained by minimizing (3) with 7; =1 for all j

and without the scaling factor 1+ \g/n%:

pts p+s

. ) R ‘ )

Ocnet = arg min (Y, — X, p0)W (Y, — X.p0) + )\ g 1 1601 + A2 E 1 05 ¢, (4)
]: ‘7:

in which A1 can be difference from A] in (3). So in practice, we run elastic net to obtain data
dependent weights 7; in the first step and run the adaptive elastic net using 7; in the second step.
See Zou and Zhang (2009) for further details in the context of the least squares adaptive elastic
net estimator.

Note that the scaling factor 1+ A\2/n? in (3) will undo the shrinkage from the ridge penalty and
thus reduce extra bias caused by double shrinkage. Unlike the least squares case, however, we use
a finite sample correction of 1 + Ay/n? instead of 1 + A\2/n that is used by Zou and Zhang (2009)
and Caner and Zhang (2014). The reason for this different scaling factor becomes clear later, but
intuitively it is because the GMM objective function is of the quadratic form of the sample average,
whereas the least squares objective function is simply the sample average.

The objective function in (3) includes two penalty terms. The first ¢; penalty term corresponds
to the adaptively weighted lasso shrinkage of Zou (2006) for both 3, and 7, which results in consis-
tent model (for nonzero components of ;) and moment (for nonzero components of 7¢) selections.
On the other hand, the second /2 penalty term, which corresponds to the quadratic regularization,
is included mainly for the moment selection problem.? Basically it will resolve possible collinearity
problem particularly among the instrumental variables Z;. Note that introducing the fs penalty
allows the procedure to select all the valid instruments even when they are highly correlated with
each other. Using more number of instruments will improve the predictability from the first stage
regression, which results in more efficient estimator of 3,. Moreover, in this setup, including the /2
penalty will result in a less biased estimator of j3,.

For example, suppose that there are two invalid instruments that are highly correlated. Without
this ¢ penalty, the ¢; penalty will choose only one of them as an invalid one, which will result in

that the other remains in the pool of valid instruments. Apparently, this result will yield a biased

*Note that if the main purpose is to predict Y;, then adding the £o-penalty also improves the predictability of (1)
as emphasized in Zou and Hastie (2005).



estimator of 3y. On the other hand, when both of the highly correlated instruments are valid and
if the ¢; penalty only choose one of them, then it will result in less efficient GMM estimator. Note
that when we include the f2 penalty, those two instruments are more likely to be selected (or not)
together. This idea is confirmed in the simulation studies below, in which the RMSE estimate of the
structural parameter estimators is smaller with the inclusion of the ¢5 penalty when the correlation

between valid instruments is high.

3 Statistical Theory

3.1 Assumptions

We first provide technical conditions for the main theorems. We suppose triangular arrays Y;, =

(X! . 7!

m? Tan?

Uin) € RPHIFTL for 4 = 1,2,--- .n and n = 1,2,--- defined on the probability space
(Q, B, P,), where the probability measure P,, can change with n. For the sake of simplicity, we
assume {Y;,} are independent and identically distributed across i for each n, though they do not
need to be identically distributed. All parameters that characterize the distribution of Y;, are
implicitly indexed by P, and hence by n. We suppress the subscript n to simplify the notation
though.
We first let
ei = Ziu; — E|Zu;]| = Zju; — Fro (5)

for each 4, based on which the moment condition (2) can be simply rewritten as E[e;] = 0. Through-
out the paper, we let 2 denote the convergence in probability, and ||D|| = [tr(D'D)]'/? for any

matrix D.

Assumption 1. (i) HW— W]l L0 as n — oo, where W is a g x q symmetric, bounded and positive
definite matriz. (i){X;, Z;,u;}1, are independent and identically distributed over i. We also have
[n=t 30 el — V| L0 as n — oo, where V is a ¢ X q symmetric, bounded and and positive
definite matriz. (iii) |n"'Z'X — .|| £ 0 as n — oo, where X, is a q X p bounded matriz of full

column rank p.

As noted in Newey and Windmeijer (2009), Assumption 1 restricts the rate at which ¢ can grow
with the sample size n, which is frequently used in the many (weak) moment literature. Assumption
1-(ii) defines the variance matrix of e; or equivalently that of u;, which takes into account the effect

of moment invalidity. Assumption 1-(iii) assumes that all the instruments Z; are strongly correlated



with the endogenous regressors X; so that 3., has full column rank.? It also implies that
||n71XzF — Yoor | = 0, (6)

where ¥, r = [X.2, F] is a ¢ X (p + s) matrix of full column rank (p + s). It follows that, for each
given g,

0 < Eigmin(X,, zW¥,,r) and Eigmax(X,,,W¥,,r) < oo, (7)

where Eigmax(-) and Eigmin(-) denote the maximal and the minimal eigenvalues of a matrix,
respectively, since W is a ¢ X ¢ symmetric, bounded and positive definite matrix. From Assumption
1-(i), therefore, (6) and (7) implies that there exist positive constants b and B, which do not depend

on n, such that
Eigmax(n2X!,WX,r) < B<oo and Eigmin(n 2X ,WX,r)>b>0 (8)

with probability approaching one (w.p.a.l, hereafter) from Newey and Windmeijer (2009, Lemma

A0). Similarly, from Assumption 1-(iii), we also have
Eigmax(n 2WX,p X' ;W) < B < 00 9)

w.p.a.l, which will control for the second moment of the estimators when there are many invalid
instruments.
Welet A={j:0;0#0,7=1,2,---,p+ s}, which collects the index of nonzero coefficients in

0y. The minimum absolute value of the nonzero coefficients is denoted as
=min |0,

which may depend on n and possibly local to zero. We impose conditions on the tuning parameters

as follows. Note that the tuning parameters A1, A], and A2 all diverge to infinity as n — co.

Assumption 2. (i) limg o0 ¢/n% < 00 and limy, 5 p—oo(p + 5)/n” < 1 for some 0 <v < a <1,
where (p+ s) < q for any n. (ii) There exist positive constants v and k satisfying a < (K — 3) <
Y(1 —a) —v. (iii) A3||6o|]>/n® — 0 and \3/n® — 0 as n — oco. (i) A\2(p + s)/n*n*’ — 0 but

N2 /ns=7(1-0) 50 as n— 0.

3Under the case with many weak moment conditions, GMM estimation normally yield inconsistent estimators
(e.g., Newey and Windmeijer, 2009). For Lasso type estimators, same problem is pointed in Caner (2009) by showing
that even with fixed number of instruments only nearly-weak asymptotics can give consistent estimates. We think
that many weak moment case will be interesting but it needs to be handled in the GEL or CUE framework, which is

outside the scope of this paper.



Assumption 2 establishes the rates for tuning parameters as a function of the total number of mo-
ment conditions and the number of parameters. Note that the total number of moment conditions
q can come arbitrarily close to the full sample size n when « is close to one.* Recall that ~ is
chosen for defining the weights in the lasso penalty (i.e., 7; = |9j7enet|_7), and thus ~ is closely
related with the degree of penalty on the small coefficients. Assumption 2-(ii) requires that ~ is to
be chosen such that v > (a+v)/(1—«), where the same conditions can be found in Zou and Zhang
(2009) when o = v. Once 7 is determined, the tuning parameters A1, A], and Ay are to be chosen
according to Assumptions 2-(iii) and (iv). Note that these conditions allows for larger values of the
tuning parameters than those of Zou and Zhang (2009) or Caner and Zhang (2014), though we can
still choose smaller values similar to theirs. The constant k is introduced for the technical reason
proving selection consistency.

It is important to note that Assumption 2-(iv) allows the nonzero coefficients to be local-to-
zero but it restricts the rate at which the nonzero coefficients should vanish so that they can be
distinguished from the true zero coefficients. In fact, from this condition, we are able to come up
with the lower bound of the local-to-zero rate of 7: if a nonzero coefficient is local-to-zero but it
vanishes faster than this rate, it cannot be selected as nonzero in our adaptive elastic net GMM
procedure. Apparently this condition also imposes restrictions on the tuning parameter A} for
the ¢; penalty in (3) so that we can achieve the selection consistency in Theorem 1 below. In
comparison, Assumption 2-(iii) on A; for the ¢; penalties in (4) and (11) is required to obtain an
asymptotically negligible upper bound of the estimation error of the elastic net estimator.

The lower bound of the local-to-zero rate of  depends on the number of structural parameters
p, the number of moment conditions ¢, and the maximal number of (potentially) invalid moment
conditions s. If either the number of moments or parameters increases, then the required lower
bound of the threshold defining the local-to-zero parameter gets larger. For example, we suppose

n =n"1¢ for some £ > 0. Then Assumption 2-(ii) and (iv) imply that
N2 (p + 8) /0" = AP 0
for some positive constant ¢ < 1, and thus

n_)‘5+7(1_a) /ny+(27/§)_3 — 00

T max;<i<p, Maxi<j<4 F(Z;ui)* < 0o as Newey and Windmeijer (2009, p.706), where Z; ; is the jth instrument
of Z;, we need ¢*/n — 0 to satisfy Assumption 1-(i). Since ¢ = O(n®) and (p+s) = O(n"), however, it restricts that
0<v<a<l/2



as )\1‘2/71%—7(1—00 — 00, which requires —k + (1 —a) > v+ (2y/§) — 3 or

2y .
§>'y(1—a)—1/—/-$+3 & (10)

Note that £* > 0 since v > 0 and (1 —a) —v —k+3 > 0 from Assumption 2-(ii). Since ¢ = O(n®)
and (p+s) = O(n”) in Assumption 2-(i), it thus follows that the lower bound of the local-to-
zero rate of 7 increases as the number of moment conditions ¢ (i.e., the size of ) or the number
of parameters p + s (i.e., the size of v) gets larger. As an illustration, when the system is just
identified with o = v = 1/2, we have v > 2 and 7 < 2k < 5 + v from Assumption 2-(ii), which
can be satisfied with v = 4 and k = 4. The true local-to-zero but nonzero coefficients thus cannot

vanish faster than n~1/¢" = p~1/16

in order to be selected as nonzero. For example, even when
n =105, n = minje 4 |0;0| is about 0.5 in this case. This illustration shows that in an environment
with many moments and/or parameters, it will be difficult to do perfect model selection unless the
coefficients are large enough.

We let 04 = (B4, 7'4)’; which collects the nonzero parameters in 6y. Then 7 4 is an sg x 1 nonzero

subvector of 7o that represents invalid moment conditions. We also let Fq = [0/ The

4—s0,50 Lol
last condition is useful to obtain the Lyapunov condition in Theorem 2 below, which is similar to

what Zou and Zhang (2009) assumes in the context of simple least squares.

Assumption 3. max;<i<, |[n~Y2(Ziu; — Far.a)||> 2 0 as n — oco.

3.2 The oracle property

For analytical convenience, we define

p+s p+s
Or = argmin § (Vz = Xop) W(Y: = Xopt) + A1 ) 70050+ X2 ) 05 (11)
j=1 J=1
for nonnegative tuning parameters A\; and A2, where A; is introduced in (4) and 7; = |9j7enet|_7

in (3). Apparently, this estimator becomes the elastic net GMM estimator in (4) when 7; = 1
for all j; or the adaptive elastic net GMM estimator in (3) with the scaling factor 1 + A\g/n? and
the tuning parameter \] instead of A;. We first obtain the risk bound of this interim estimator,
which is useful to obtain the selection consistency in Theorem 1 and the asymptotic normality in

Theorem 2 below.”

"This result seems quite similar to that of Zou and Zhang (2009). But this result is obtained w.p.a.l since
we consider stochastid regressors in the GMM setup; whereas Zou and Zhang’s result is exact since they consider

deterministic regressors in the least squares setup.



Lemma 1. Under the model (1), (2) and Assumption 1, we have

Bl — o2 < 4A%||90||2+Bn3q+A?E(Z§ITﬁ§)
o = (02 + Ag)2
A3)l60]|* + Bnq + M (p + s)

(bn2 + )\2)2

and

EIH(ge'rzet_gOH2 S 4

w.p.a.1, where B and b are some positive constants given in (8) and (9).

Since the risk bounds in Lemma 1 go to zero as n — oo under Assumptions 1 and 2, both 0, and
éenet are consistent estimators of 6y. Therefore, we can use éenet to construct the adaptive weight
7; in (3). Notice that, as in Zou and Zhang (2009) and Caner and Zhang (2014), the upper bounds
are formulated using [|6p||? instead of the sparsity of the vector 6y (i.e., p + s). In comparison,
the sparsity index is commonly used in the high dimensional models literature (e.g., Belloni, Chen,
Chernozhukov, and Hansen, 2012), which is because of singularity of the design matrix.

Note that the mean squared error expressions depend inversely on b, which is a lower bound of
the minimum eigenvalue of n=2X ! FWX .r defined in (8). When the regressors are highly correlated
with each other, b can be close to zero. In this case, without the tuning parameter Ao in the
denominator (e.g., lasso or adaptive lasso), the error bounds in Lemma 1 can be quite large. This
implies that the error bound of the adaptive elastic net estimator will be smaller than that of the
adaptive lasso estimator when b is close to zero because of highly correlated regressors.

We now obtain one of the main results: the selection consistency. This result shows that the
adaptive elastic net GMM procedure automatically selects the valid moment conditions as well as
the relevant regressors in the structural equation. This extends Zou and Zhang (2009) in two ways:
it finds the relevant regressors in the linear GMM setup instead of the linear least squares case; it

also tells if each moment condition is valid or not.

Theorem 1. Under Assumptions 1 and 2, the adaptive elastic net estimator 6 in (8) satisfies the

selection consistency: P({j:0; #0} = A) — 1 as n — occ.

The selection consistency in Theorem 1, which mainly comes from the ¢; penalty in (3),°

means
that the true nonzero coefficients are to be selected as nonzero. For some local-to-zero coefficients,
they are to be concluded as nonzero coefficients provided that they vanish slower than the lower

bound of the local-to-zero rate in Assumption 2. As we discussed after Assumption 2, however, it

5In principle, we expect that the same goals can be achieved using different types of penalties that possess the

oracle property such as Bridge (e.g., Huang, Horowitz and Ma, 2008) and SCAD (e.g., Fan and Li, 2001).
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will be difficult to do perfect model selection unless the nonzero coefficients are large enough in an
environment with many moments and/or parameters. For example, if we suppose n = O(nfl/ §) for
some & > 0, the lower bound of the local-to-zero rate is given by O(n_l/ €"), where £* given in (10) is
normally much larger than 2. In this sense, Theorem 1 extends Leeb and Potscher (2005)’s criticism
to the context of many parameters. Recall that, in the case with fixed number of parameters, they
found that the minimum order of which a local-to-zero coefficient is to be distinguished from zero
is n~1/2, that is smaller than n=/¢" for £* > 2.

As the second main result, we derive the limiting distribution of the adaptive elastic net GMM
estimator of the nonzero coefficients 4 = (8’4, 7/4)" in the following theorem. Caner and Zhang
(2014) also obtain the limiting distribution of the GMM estimator via adaptive elastic net, but
their focus is in choosing the nonzero structural parameters of 5, when all the moment conditions
are assumed to be valid. We denote the true number of nonzero structural parameters as py with
1 < po < p and the true number of invalid instruments as so with 1 < sg < s, so that 54 is pg x 1

and 74 is sgp x 1. We further define a (pg + so) X (po + so) matrix given by
Y4 =Yr AV Sra, (12)

where ¥,,p.4 = [X22:4, Fl4] is a full column rank ¢ x (pp+ so) matrix and X, 4 is a full column rank
q % po matrix. Recall that Flq = [0;_ ., Is])'- From the conditions on 3., and V' in Assumption
1, 3 4 is symmetric, bounded and positive definite.

Note that ;.4 is defined from |[n=1Z'X 4 — S.4.4]| 2> 0, which holds from Assumption 1-(iii),

where X 4 is an n x pg matrix that consists of the (endogenous) regressors corresponding to the

nonzero structural parameters. Then using a similar argument as (6), we have
||n_1XzF:A - Z]zzF:AH L 0, (13)
where X, p. 4 = [Z' X 4,nF4] is a ¢ X (po + so) matrix.

Theorem 2. We let 9,4 be the adaptive elastic net GMM estimator in (3) that corresponds to 0 4.
We also let W = V_l, where V is some consistent estimator of V.. Under Assumptions 1-3, the
limiting distribution of 0 A 1S given by

1 + )\2[‘}_1)
’( poto A ) fy2o 17205 d
H - 1
L+ (\a/n2) A2 (04— 04) 5 N(0,1) asn — oo,

where H 4 = X;F:Af/*lXZp:A and ¢ is an arbitrary (po + so) X 1 vector with ||C|| = 1.
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From Assumption 1-(ii), V can be consistently estimated by V = n~! S éiél and so is W, where
éi = Zi(Y; — X!B) — F7 and (B,,i")’ is the (p + s) x 1 vector of initial adaptive elastic net GMM
estimators in (3) with the weight W = I,. Since é; = ¢; — Z; X!(B — By) — F(¥ — 7¢) and (B,,%')’
is consistent to (8f,74), it can be verified that |V — V| < |0t 0, &él —n 300 el +
It S ee — V|| £ 0 as n — oo.

From (12) and (13), we have |Hal < |HY?|2 = n2tr(n =X,V "1X.pa) < n?(po +
so)Eigmax(n X!, VX, p.4) = Op(n®(po + s0)) since |[n=2X! . VX, 4 — X4l 2 0 from
Assumption 1. Therefore, for some positive constant ¢ < oo, we can obtain

Ipg+so + AQI:I;ll _I
L+ (Ag/n2) TPt

(14)

< Lpotso + c(A2/n?) Lo+, 7 N (A2/n?) {(”72HA)71 - dpo+so} —o(1)
N 1+ (Ag/n?) poctso 1+ (Aa/n2) = %

as n — 00, for Ay/n? — 0 from Assumptions 2-(iii). This implies that, though 64 is a consistent
estimator of 6 4, the rate of convergence of 6 418 \/m , which is affected by the true number
of invalid moment conditions sg. Therefore, existence of invalid moment conditions makes the rate
of convergence of ] 4 slower. When pg + s is fixed, however, it retrieves the optimal rate of /n.
Finally, an interesting question is whether we can achieve the efficiency bound of the structural
parameter estimators of S from the adaptive elastic net GMM procedure as if we had known
all valid instruments. Note that it is generally the case if we use the entire valid (and strong)
instruments. Since |[n 2H4 — $4]| & 0, however, Theorem 2 and the result (14) show that
Z;tl = (X, AV_IEZJE F.4) ! corresponds to the asymptotic variance of 0 A, which is obtained by
letting W = V! as in the conventional efficient GMM theory. The following theorem shows that
the asymptotic variance of the true nonzero structural parameter estimator B 4, which is given
by the pg X pg north-west block of Z;‘l, is the same as the efficiency bound obtained when we
only use all the valid moment conditions. We decompose Z = [Z!, Z?], where Z' represents the
n x (g — so) valid instruments and Z? represents n x sq invalid instruments. More precisely, they
satisfy ||n=' o0, Ziui|| B 0 and |[nt SO0, Z2u; — 74| & 0, where Z) and Z? are the ith row

of Z! and Z?, respectively, and 74 is the sg x 1 vector collecting all the nonzero elements of 7.

Theorem 3. We let 2341 be the pg X pg north-west block of E;ll, which corresponds to the asymptotic
variance of the true nonzero structural parameter estimator B 4- Under Assumptions 1-3, it holds
that Y = (2L, aVi1' Saree) ™ where |07 ZYXa = Sapall 0 and |0t Y0, 2206} —

Vil 2 0 as n — co.
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Note that the efficiency bound of the true nonzero structural parameter estimator is given by
(2, AVii'S22:4) 71, which can be obtained by only using all the valid moment conditions (i.e.,
excluding all the invalid moment conditions). Therefore, this result implies that even when we
have potentially many invalid instruments, we can still estimate the nonzero elements in 3 as if
we were using only the valid instruments, which gives the oracle result. The adaptive elastic net
GMM estimation does not require any pre-testing for the instruments validity.

It is well known that adding more valid instruments will improve the efficiency in the standard
GMM setup and Theorem 3 manifests that including all the valid instruments is important to
achieve the efficiency bound. As discussed in Section 2.2, therefore, adding the fs penalty here
is quite important to achieve the efficiency. As shown in Zou and Hastie (2005), the (adaptive)
lasso, which only has the ¢; penalty, is more likely to select only one variable among the relevant
variables if they are highly correlated. In our setup, omitting ¢» penalty thus could result in selection
inconsistency, which means that the procedure fails to select all the valid moment conditions when
they are highly correlated with each other. Apparently, omitting valid instruments results in

efficiency loss.

3.3 An example: Dynamic panel regression

As an illustration, we consider the following dynamic panel regression model given by
Yit = Polit—1+ 5400 + p; + uiy (15)

fori=1,--- ,Nandt=1,---,T, where |pg| < 1, y;+ is a scalar, z;; is a K x 1 vector of strictly
exogenous regressors and j; is the unobserved individual effects that can be correlated with ;1
or z;;. Under the condition that

Bluiglps,yi ' xf] =0, (16)

t—1 / T ! /
where ¥ = (yi1,- - wie-1) and @7 = (i, 7

; 1), we can estimate p, and o using the

moment conditions given by
E[A(Ifi’tAui?t] = 0 (17)

E[yiAuy] = 0 (18)

for t > 2 as Arellano and Bond (1991), where Az;; = z;; — x;4—1 and similarly for Ay;; and Aw; ;.
However, the moment condition (18) is vulnerable since it heavily depend on the condition that w; ¢ is

serially uncorrelated, whereas the moment condition (17) is robust to the possible serial correlations
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in u;s.” So, with potentially serially correlated wu;+, we have ¢ = (T — 2)K + (T — 2)(T — 1)/2
number of total moment conditions, among which (at most) s = (7'—2)(7'—1)/2 number of moment
conditions are potentially invalid under the possible serial correlation in u;;. For identification
purposes, however, we need p < (¢ — s), which corresponds to K +1 < (T' — 2)K for all T
and K and is thus satisfied with T' > 4. With N, T, K — oo, we allow for ¢,s,p — oo in this
case. However, the ratio of the number of moment conditions ¢ to the sample size n = NT is
q/NT = O(K/N + T/N). So in order to satisfy Assumption 2-(i), we need max{K,T}/N — 0
as N,T, K — oo. But this condition naturally holds for the conventional panel data with large
cross-sectional observations.

More precisely, we let Ay; = (Ayis, -, Avir)'s Ayy—y = (Ayig, -, Ayir—1), Ar; =
(Amiz, -, Azir), Au; = (Auigz, - ,Au;r), and the ¢ x (T' — 2) instrument matrix Z; =
[Z2i, Zyi) , where

A$i73 0 0
0 A.’L’i’4 0
Dpi = . . and
0 0 - Az (T—2)x(T—2)K
yii 0 0 o 0 - 0
2y = 0 w1 ¥i2 0 0
0 0 0 e yi71 e yi,T—Q

(T-2)x((T-2)(T-1)/2)

Then, with possible serial correlations in u; ¢, we have the ¢ X 1 moment condition
E[ZiAui —FT()] =0

for each i as (2), where 7¢ is a s X 1 vector of unknown parameters. The adaptive elastic net GMM

"Under an additional condition of the mean stationarity (i.e., E[y;:] = p for all 4 and t), we further have
E[Ayit—1(yit — pyi—1 — @} 10)] = 0 for t > 2 as Blundell and Bond (1998) and Bun and Kleibergen (2013). When
p is close to one, the moment condition (18) is prone to have weak identification (i.e., weak instrument problem)
whereas this new moment condition is robust to such a persistency. We could find valid more moment conditions (e.g.,
E[yfthui,t] = 0 for some h > 2 under m-dependence type restriction on w;¢; F[Ax; sAu;] =0 for s =2,--- | T
under strict exogeneity of z; ;; or second moment restrictions with homoskedasticity assumption) but we only consider

the most conventional moment conditions given as (18).
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estimator of 0y = (py, 0y, 7()" is then given by

N

R Ao > Jon

0 = (14+—==)arg min Zi(Ay; — pAy;_1y — Ax;0) — Fr)'W

(1+ gz ) one,_min ),{;< (Ays — pAyi(_1) — Azid) — 1)
p+s p+s

X (Zi(Ay; — pAyi—1) — Az 8) — F'1) + A ZWJIG !+)\2292

for some positive definite ¢ x ¢ weight matrix W, where p+s = (K 4 1)+ (T —2)(T —1)/2. For the
choice of the optimal weight matrix, we first obtain the elastic net estimator 6 = (p, SI,%' ) with
W = I, and let &; = Z;(Ay; — pAy;—1) — Az;0) — F7. Then the optimal adaptive elastic net GMM

estimator can be obtained using 7; = |0;|~Y and W = (Zfil é;65)~1 as discussed after Theorem 2.

4 Computation

4.1 Tuning Parameter Selection

One important issue of penalized estimation is the choice of the tuning parameters. The con-
ventional approach is to choose the tuning parameters based on some information criterion. For
example, Wang, Li, and Leng (2009) show that, for shrinkage estimation of linear models, BIC can
be used to select the tuning parameter that produces correct model selection w.p.a.1. Similarly, we

also consider the following BIC-type information criterion:
IC = J(O(N)) + [Sx| In(n) max{In[In(p + s)], 1}, (19)

where A = (A}, Ag)’ is the vector of tuning parameters and #()) is the adaptive elastic net GMM
estimator defined in (3) indexed by A. J(O(N)) = n~ YV, — X.p0\))W (Y, — X,p0(N)) is the
J-statistic of GMM and S) = {j : 9j()\) # 0} denotes the collection of nonzero estimates given
A. This criterion is also similar to the BIC-type criteria of Andrews (1999) and Andrews and Lu
(2001). But note that the J-statistic J(0(\)) in (19) is based on the recentered moment conditions
(i.e., E[Z(Y; — X]By) — F19] = 0) that accommodate the invalid moment conditions, whereas
Andrews (1999) and Andrews and Lu (2001) do not consider such recentering. We choose the

tuning parameters by minimizing IC):

A= 1 2
argf\nelil C (20)

for some finite choice set A. Note that the term In[ln(p + s)] is to handle the case of a diverging

number of parameters as in the current setup.
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In this case, the key question is, even with the tuning parameters A selected from (20), whether
or not the adaptive elastic net GMM estimation still yields selection consistency under the case of
a diverging number of parameters: P(S5 = .A) — 1 as n — co. In order to verify this result, we
need the following condition. We let a ¢ x 1 vector &; = V- 2e; and €;;, be the kth element of é;,

where e; is given in (5).

Assumption 4. For any ¢ > 0, there exists a positive constant cg < oo not depending on n such

that

)

) <
o S

where cj, are some constants satisfying maxi<j<m y 1, Cjp < €< 00, and m is some integer with

m < q but m — o0 as n — oo.

This assumption regulates the tail behavior of &;, but it does not restrict the distribution family
or the dependence structure in €;. over k. Note that we can obtain the same result as Lemma
1-(ii)-(a) of Huang, Ma, and Zhang (2007) if we let €;; be uncorrelated over ¢ and k with P(|é;;| >
Yg) < Uy exp(—@bﬂ[}g) for some positive constants 1, 11, 1y, and 1 < d < 2, which can be easily
satisfied when é; is independent over ¢ and uncorrelated multivariate normal for each . (In this
sub-Gaussian case, d = 2.)

The following theorem obtains the selection consistency of the adaptive elastic net GMM estima-
tion even when the tuning parameters are selected by (20). We do not suppose that é;; is Gaussian
here. So this result extends that of Wang, Li, and Leng (2009), which assumes the Gaussianity of

the linear regression error terms. Recall that 7 = minjc 4 |60;0].

Theorem 4. If nn?/((p+ s) In(n) In[ln(p+s)]) — oo, then under Assumptions 1, 2 and 4, we have
P(S; = A) — 1 as n — oo, where X is given in (20).

4.2 Optimization algorithm

Though we can run the adaptive elastic net GMM as (3) directly, we can consider more efficient
algorithm for computation. More precisely, we discuss how to apply the LARS algorithm of Efron,
Hastie, Johnstone and Tibshirani (2004) to the case of the adaptive elastic net GMM estimation.
Basically, we first reformulate the adaptive elastic net GMM problem into a lasso problem by
extending Lemma 1 of Zou and Hastie (2005) using the Algorithm 1 of Zou (2006, Section 3.5).

Then we apply the LARS algorithm on this transformed problem, in which we also consider tuning
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parameter selection as described above. Note that the tuning parameter choice preserves selection
consistency of the parameter estimates.

To describe the algorithm, we define the naive adaptive elastic net GMM estimator as

R p+s 2 p+s p+s
enaive = argé) (Gmin9 ) 7} 1/2}/;: - E 7 1/2;(j,zF0j + )‘T E :7%]|0J| + >\2 Z 0? ’
=001, ,0p+s : - :
]:1 j:]. _]:1

whose objective function is simply an unscaled version of (3). W is obtained as the conventional
efficient GMM procedure as described in the previous section. We denote X .r as the jth column

of X.p. Given the adaptive weights 7, we further define (¢ + (p + s)) x 1 vectors given by

L Wi2x; oot W12y,
XJI-/EF = fr;l Pr and YV = .
djv/ A2 Op+s,1

where d; is the jth column of I, ,. Then we formulate a lasso problem as

pts p+s

2

N o . S SW *

Plasso — arg = InlIl ) sz - E :Xj,zFSOj + )‘1 E ’(Pj‘ 3
P=(¥L1, 7<pp+s j:]- le

and we can apply the LARS algorithm on this lasso problem. See Efron, Hastie, Johnstone and
Tibshirani (2004) for further details. Note that for each given A = (A}, A2), we calculate ¢y, as
well as IC in (19). The choice of X is determined at the smallest level of IC) as we discussed in

the previous subsection and the adaptive elastic net GMM estimator can be obtained as

~ /\2 ~ /\2 P N
Hj = (1 + ﬁ) ej,naive = (1 + ﬁ) T I(PjJasso

forall j =1,---,p+ s at given A.

5 Monte Carlo Simulation

In this section, we study the finite sample performance of our estimator. We let ¢, denote a a x 1

vector of ones and define the set of valid instruments as

AD 0 Qo 0
Vil iid N A

AT

for i =1,2,--- ,n, where dim(ZY;) = 2(q — s0)/3, dim(Z4;) = (¢ — s0)/3, Qo is dim(Z;) xdim(ZY,),
and Q is dim(Z},)xdim(Z};). The (4, j)-th element of Qg is set equal to 0.5777| and the (i, j)-th
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element of 2; is set equal to plzi*j |, We consider p, € {0.50, 0.95, 0.99} to allow for the case where

some of the instruments are highly correlated (when p, = 0.95 in particular). We also define

X, - Xoi _ Z%;WO -+ vo; ’
X1 Zim + oy
: 1
where mp = 272(15 ® Lgim(z0))) and mp = (24 2p§1m(zli))_1/2(L2 ® Igim(z1,))- In this setup, all the

instruments Zj; are valid, and p =dim(X;) = (¢ — so)/2. Note that we choose (g, sg) such that

q — So is a multiple of 6 to ensure all the dimensions are integers. For the random components, we

let ) ) o )
€15 0 1 0 0 O
€9 0 01 0 0
AN :
€3i 0 001, O
| €4 | i 0 I 0 0 0 I, |
and define

Ui = \Pupli + /1 — pyy€2i
Vi = [v(/)iv ’Uii]/ = V/Puv€li " Lp =+ V - Puv€3i

with p,,, € {0.5, 0.95}. Similarly as Cheng and Liao (2013) and Liao (2013), the sp x 1 vector of

invalid instruments are generated from
Zoi = €4i + TAU; * Lsgs

where we set 74 € {0.3, 0.6, 0.9} that controls the severity of the invalid moment conditions. Note
that ¥.,p = [Y.z, F] has full column rank even if Zy; is uncorrelated with X;. Y; is defined as
Y; = X[By+u;. For the simulation, we consider the sample size n = 250, 1000 and (p, po, s, S0, q) =
(18,3, 15,6,42), which implies that dim(ZY;) = 24, dim(Z];) = 12, dim(Zy;) = 6, dim(Xy;) = 12,
and dim(Xy;) = 6. We also set

Bo = [C, C,01x10, C, 01x5]', (21)

where the nonzero structural parameter C'is set as C' € {0.25, 0.5, 0.75}. In order to guarantee the
identification of 3, we suppose that we know the first 18 elements of Z%, and the first 9 elements
of lei are the (¢ — s)-number of valid instruments; we call them “surely-valid” instruments whereas
we call the rest of the instruments in Zj; as “unsurely-valid” instruments. We conduct 2000

replications.
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We summarize the simulation results in Tables 1 to 4. AENet is the estimator proposed in
(3) and is solved by the algorithm in Section 4. We set v = 2 and use the conventional two-
step GMM estimator to obtain the adaptive weight 7; and the optimal weighting matrix w.
The optimal tuning parameters for A\] and A2 are selected by (19) from the grid search over
{0.01n,0.025n, 0.05n,0.075n, (0.1 : 0.05 : 1)n} and {0.01n,0.05n, (0.1 : 0.1 : 2)n,2.5n,3n,4n, 5n},
respectively, where the grids (0.1 : 0.05 : 1)n means it starts with 0.1n and increases by 0.05n until
1n. ALasso-LARS is the same as AENet except that Ao is restricted to be zero, so ALasso-LARS is
the adaptive lasso GMM estimator solved by the LARS algorithm. ALasso-CL is the adaptive lasso
estimator proposed by Cheng and Liao (2013). The main difference between ALasso-CL and our
estimator is that ALasso-CL does not select variables in the structural equation (1) but only selects
valid instruments in (2). ALasso-CL is solved by the algorithm proposed by Schmidt (2010) and
the tuning parameter is selected following Cheng and Liao’s (2013) suggestion. We let 3 4. and T e
denote the zero elements in By and 79, respectively, so that 8y = (84, 8/4c)" and 79 = (774, 7/4c)’,
where 3 4 and 74 collect the nonzero elements in 3, and 7, respectively.

Table 1 reports the root mean squared errors (RMSE) of the three estimators, AENet, ALasso-
LARS, and ALasso-CL, when p,,, = 0.5 and all the valid instruments are relevant. For each case,
the RMSEs of estimators of 7 4¢, T4, B 4¢, and 3 4 are denoted by rmseq, rmses, rmses and rmsey,
respectively. First, for each n, the RMSEs of 74, B 4c, and 34 increase when p, increases from
0.5 to 0.95. This is intuitive because the instruments in Z{; are highly correlated when p, = 0.95
and thus provide less information about Xj; than the case of p, = 0.5. Second, the RMSEs of the
nonzero structural parameter 3 4 are very similar for all three estimators when p, = 0.5. However,
both AENet and ALasso-LARS have smaller RMSEs for 4 than ALasso-CL when p, = 0.95.
Since ALasso-CL does not conduct variable selection, it is not surprising that its estimator for g 4
is less efficient especially when p, = 0.95. To make the comparison fair, we also look at the moment
selection performance in Table 2 and consider the case with redundant instruments in Table 4.

Table 2 reports the accuracy of moment/instrument selection by different estimation procedures
under the same condition as Table 1. Pr; stands for the percentage of replications that yield zero
estimates for 7 4c; Pro for the percentage yielding nonzero estimates for 7 4. First, for the unsurely-
valid instruments, all selection procedures perform well in the sense that Pry is close to one.
Second, for invalid instruments, it is not surprising that Prs increases with 74 because detecting
invalid instruments gets easier as 74 gets larger. Third, our estimators outperform ALasso-CL in

instrument selection when n = 250 or p, = 0.95. When (7.4, C, p,) = (0.3,0.25,0.95) and n = 250,
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for example, AENet detects 75.8% of the invalid instruments, but ALasso-CL only detects 1.7%. As
n increases to 1000, our estimators can pick up the invalid instruments all the time while ALasso-CL
performs well only for p, = 0.5. Recall that the differences between ALasso-LARS and ALasso-CL
are the algorithm and tuning parameter selection method. It seems that ALasso-CL tends to select
relatively large tuning parameters for 7, which results in over-selection of valid moment conditions.

In order to manifest the difference between AENet and ALasso-LARS further, Table 3 sum-
marizes the simulation results when the instruments Z; are highly correlated with each other (and
so are the regressors X;). In particular, we set p, = 0.99 and p,,, = 0.95, under which we can
also calculate the population correlation between any two variables in X7i; lies between 0.963 and
0.972 with our data generating process. In general, AENet yields smaller RMSEs for 5 4. and (4
than ALasso-LARS. The difference between AENet and ALasso-LARS vanishes as n increases from
250 to 1000. These results show that adding a ridge penalty is helpful to reduce the RMSEs of
the estimated structural parameters when some instruments are highly correlated or the structural
regression suffers near-multicollinearity.

As for the last experiment, we investigate the performance of our estimators when some in-
struments are redundant. An additional instrument is considered redundant for a given set of
instruments if it does not improve the efficiency of the GMM estimator based on the given set of
instruments. Following Cheng and Liao’s (2013) simulation design, we use irrelevant instruments
to play the role of redundant ones. From the simulation design above, we replace 6 of the unsurely-
valid instruments in Z;; with 6 independent standard normal random variables. The simulation
results are reported in Table 4, in which Prs denotes the percentage of replications that yield
nonzero estimates for 7 for the redundant instruments. Since ALasso-CL is designed to detect the
redundant instruments, its Prs increases with n. Though not reported in the table to save space,
extra simulations show that Prs of ALasso-CL is equal to 60.8% for n = 2500. Also, our estimators
cannot detect redundant instruments by design. Prs; of AENet and ALasso-LARS is close to zero
regardless of the sample size. However, our estimators have very similar RMSEs to ALasso-CL for
nonzero 3, and smaller RMSEs for zero ;. Hence, our estimation procedure is robust to presence

of a moderate amount of redundant instruments.
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6 Conclusion

This paper develops an adaptive elastic net GMM estimator with possibly many invalid moment
conditions. The number of structural parameters as well as the number of moment conditions are
allowed to increase with the sample size. The moment selection and model selection are conducted
simultaneously. The moment conditions are written in a way to take into account the possibly
invalid instruments. We use the penalized GMM to estimate both structural parameters along
with the parameters associated with the invalid moments. The penalty contains two terms: the
quadratic regularization and the adaptively weighted lasso penalty. We show that our estimator
uses information only from the valid moment conditions to achieve the efficient GMM variance
as if we had known all the valid instruments. The estimator is thus very useful in practice since
it conducts the consistent moment selection and efficient estimation of the structural parameters
simultaneously. We also establish the order of magnitude for the smallest local to zero coeflicient
to be selected as nonzero. An algorithm is proposed based on LARS for the implementation of our

estimator. Simulation results show that our estimator have good finite-sample performance.
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Appendix
Proof of Lemma 1 We first define a ridge estimator given by
pts
N . I3 2
Op = argmin ¢ Yz = Xop0) W(Y: — Xepf) + A Zlej .
j:
We obtain the desired results using

E||0x — 60| < 2E)0x — Or|)* +2El|6r — 6],

where 0 is defined in (11) and by deriving the bounds for E||6; — 0| and E||0z — 62

For the first term E||0, — 07| in (A.2), we note that

p+s p+s

A A A o ~2
(V= Xopln) W(Ye = Xopln) + M0 Y 71052 + X2 D> 05,
i=1 j=1
) A . p+s . p+s 9
< (Ve Xopbp) W (Ve — Xopbr) + M > 510501+ X2 > 0 g,
j=1 j=1

which is from the definition of #, and f. But we can rearrange (A.3) as
p+s
~ [i5 p A VTR ) o112
MY { il =103l } = { (Ve = Xepba) WY = Xorhn) + Aol }
j=1

—{ (V2 = Xeplr) W(Y: = XorOr) + ol 082}

where
1/2
p+s p+s

pts
o7 {|9J,R| - |9j,7r|} <Y Fil05r =0l < [ D AT 110x —0rll.
= = =1
Moreover, we find the ridge solution from (A.1) as

éR = [(X;FWXzF) + )‘2Ip+8]71[X/FWYZ]

yielding
(Y, — X.pOr)' W (Y, — X.r0g) + Ao 0r|>
= YWY, — 0p[ X oW Xer + Nolps)0r

since from (A.6)

~

DX WY, = (VIWX.p) (X pWXor) + AaLpws] H(XLWY2)
= éII’%[(*Xi’zFVVAXzF) + )\2Ip+s]éR.
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Similarly, we also have
(Y. — Xoplr) W (Y, — szé ) + Aol 2
= YWY, — 20, X, WY, + 0, (X W Xop + oLy )0
= YWY, — 20, [X. oW Xar + Molyis)0r + 0. [ X, oW Xor + Mol i) (A.8)
from (A.6). By subtracting (A.7) from (A.8), the right-hand-side of (A.4) satisfies
{(Yz - XzFéﬂ)/W(Yz - XZFéﬂ') + )\2”é7r‘|2}
— {0 = Xepbp)W(Y, = Xerr) + Xa|0r| |
= (0 — OR)[XLpWXop + Aoy (O — OR)
[Bigmin(X! W X.r) + Xo][|0x — 0r)* > 0 (A.9)

\Y

as W is positive definite. Therefore, using (A.4), (A.5), and (A.9), we have
)‘I(Z?—Ff A])1/2 < (Zg)—'—i A])1/2

0, — 0|l < A.10
| all < Eigmin(X/ . WX.r) + Ao bn? + Ao (4.10)
w.p.a.l or
N B 72
E||6, — 0g|? —JJ A1l

w.p.a.l as Eigmin(X’, W X_r) + A2 > bn® + Ag > 0 from (8)
For the second term E||0z — 6o||2 in (A.2), we note that from (1)

Y,=2'XBy+nFro+ (Z'v —nF1o) = X,p0p + €,

where we let X,p = [Z'X,nF), 0o = (B, 7()" and e = Z'u — nF1g. From (A.6), we thus have

A~

Or = [(XLWX.p)+ Aalpss] HXLeW(Xorbo + €) 4+ A2bo — Aabo]
= 0o+ [XpWXop + Nl XL pWe] = o[ XLpW X, p + Aalyrs] M0 (A12)
yielding ) )
203100l + I XL Wel?} _ 20730160l + [IXLWe?}
(Eigmin(X/ ;W X,r) + A2)2 ~ (bn? + X2)?

w.p.a.l similarly as above. However,

165 — 6ol> <

E|| X! zWe|? < Eigmax(WX,p X' - W)E|e|?,

where Eigmax(W X, p X! . W) < n?B w.p.a.1 from (9) and

n n
Ele|?=E ZZe;ej <nx 1rgaan ejei] = nge
i=1 j=1

for some positive constant ¢ < oo since e = Y ", e; = y i 1 (Zju; — F1p) from (5) and the ¢ x 1
vector e; is independent over ¢ with the bounded second moment from Assumption 1-(ii). It follows

that
2{731160]1* + E|IX.Wel*} 2{)\ 160]* + Bnq}

(bn? + Ag)? - (bn? + X2)?

Bl — 6o < (A.13)
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w.p.a.l, in which B is redefined as c¢B without loss of generality.
Therefore, by combining the results in (A.2), (A.11), and (A.13), we obtain the desired result
as

DB ) | AD3I0P + By _ 3100l + B+ RE(SI #2)
(012 1 Ag)2 (bn2 + Ag)2 = (bn? 4+ X\g)?

E||0 — 6o||* <

w.p.a.l. The result for Ocnet readily follows by letting 7; = 1 for all j. Q.E.D.

We now provide a useful lemma before we proof Theorem 1. Note that the difference between
this lemma and Theorem 1 is that we can tell the local-to-zero coefficients as nonzero from Theorem
1, provided they vanish at the rate slower than certain threshold.

Lemma A.1. We define

04 = arg min ¢ (V; = Xep: AW (Y, — Xop.a0) + X, ;ﬁj|9j| + Ao ;a; , (A.14)
J J

where X, 4 consists of the sub-columns of X,p that correspond to nonzero elements in 0. Under
Assumptions 1 and 2, w.p.a.1, (1 + (Aa/n?))04,0) is the solution to the minimization problem of
adaptive elastic net in (3).

Proof of Lemma A.1 We show that ((1+4 Xa/n?)04,0) satisfies the Karush-Kuhn-Tucker con-
ditions of the adaptive elastic net GMM optimization problem in (3) w.p.a.1l. More precisely, from
the definition of 8 4, we need to show

P {FOI“ all j € .Ac, ‘ — 2X]/7ZFW(Y;: - XzF:AéA)’ < X{ﬁj} —1
or equivalently

v,=P {There exist j € A° such that | — 2X§-72FW(YZ — X.pa0.4)| > X{frj} — 0 (A.15)

as n — 00, where X . is the jth column of X,r. We let n = min jc 4|0;,0| and )= min;c 4 |9j7enet|.
Similarly as Zou and Zhang (2009), we have

‘Ijn < Z P {’ - 2X_;,ZFW(}/Z - XZF:.Aé.A)’ > )‘Tﬁ-] and rfl > 77/2} + P{I’A’l < 77/2}7 (A16)
jeAC

where the second term is bounded by

Pii<n/2t < P{|fenet — 0ol > n/2}

E||fcnet — 00])? A3l19l3 + Bgn® + A3 (p + )
n?/4 (bn? + A2)2n?

<16 (A.17)
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w.p.a.l from Lemma 1. For the first term in (A.16), letting M = (A}?/n") 1/27, we have

S P{I=2X oW (Y. = Xapaba)| > Ai#j and 7> 5/2}

jEAC
< Y {\ —2X! W (Vs = XopaBa)| > Niztj, 71> 0/2, Benet] < M} +3 P {|éj7m| > M}
JEAC JEAC
A v 0 MY ; ).
< S r {| —2X! pW(Y, = XopaBa)] > N;M ™7 and 7) > n/z} +3 P {|9],enet| > M}
jeA® jEAC
AM . )
< S B | S X WY = XeraD )Py | + 175 | S jenel
1 jGAC i jG.AC
AN . Blfenet — ol
< )\—>{2E Z X oW (Ve = Xopaba)|*Lign oy | + — 2

]EAC

4AM>
< —5 B | D X oW (e = Xopab)PLisny2y | +4
_]EAC

X3]100l13 + Bnq + M(p + s)
(bn2 + )\2)2M2

(A.18)

8

w.p.a.l from Lemma 1, where 17, is the binary indicator.® The last expression in (A.18) can be

further bounded as

E | X oW (Ve = Xopafa) P Loy | < 2B°n*E(|0.4 = 0.4ll51 (550 2y) + 2Bn’q  (A.19)
jEAC

w.p.a.l since

Z ’ ZFW Y XF: A6A>| = Z ‘ zFW XorAba — XZF:AéA) + X]/',zFW6|2
JEAC jJEAC
< 2 Z | ZFW XorAOa — XzFAHA |2 +2 Z | zFW6|2
JEAS jEAC

< 2BR?|\WY2X,p.a(04 — 04)|? + 2Bn?|e|?
< 2Bn?% x Bn?||0.4 — 0.4 + 2Bn?q

w.p.a.l from (8) and (9). Note that Eigmax(nsz;F:AWXzF;A) < Eigmax(n*QX;FWsz) < B.
Furthermore, by defining

Opa = arg max (Y, — X.p0) W (Y, — X.p0) + Ao Z 9? , (A.20)
jeA
we have
*A— /—p—i-S
< ——F—F—7—""— .
10.4 — Ol b ETES (A.21)

8Though the proof steps are similar to Zou and Zhang (2009, p.1746), note the difference in M; finding a new M
for the GMM setup is not trivial.
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w.p.a.1 similarly as (A.10) since max;c 4 7%]2 = (minjeq 10,enet]) 27 < 772, po + 5o < p+ s, and
Eigmin(n_QX;F:AWszzA) > Eigmin(n_QX;FWsz) > b. Similarly as the proof of Lemma 1
above, we thus have

All0oll® + Brq + A*(1/2) > (p + 5)
(bn2 + )\2)2

E(104 = 0alPLgjon/2y) <4 (A.22)

w.p.a.1. Therefore, by combining the results in (A.17), (A.18), (A.19) and (A.22), we can find the
upper bound of ¥, in (A.16) as

v, <

M {232n4 281061 + Brq + X(n/2) 21 (p + 5)
/\’{2 (bn? + X2)?
A3ll6oll* + Brn*q + A(p+ s)
(bn2 + X2)2 M2
A3ll6oll* + Bnq + A (p + s)
(bn2 + X\9)2n?
= ‘Ijl,n + qj2,n + \Tj3,n

+ QBngq}

+4

+16

w.p.a.l, in which each term of the bound goes to zero as n — oo yielding the desired result in
(A.15).
More precisely, note that
_ M M M> (X)) (p+s M
\Iil,n = Op < )\ )\2”00”2) + O <Wn3q> +Op < ( 1) (p )> +Op <Wn3q> = Op(l),
1 1

*2 2
1 A n=7

where the second (and the last) term satisfies

M*» 5 X214, pite
R g n =
nk )\9{2 q nk

by Assumption 2-(ii) as M = (A}%/n )1 * and ¢ = O(n®) from Assumption 2-(i); the first term is
dominated by the second term since A3||0o]|2 < A\3(p + s) < (\3/n?®)(n®q) and A3/n® is bounded by
Assumption 2-(iii); and the third term satisfies

M ()\*)2(p+8) _ A_>{2(p+8>
MDY ne gh

by Assumption 2-(iv) for x > 3. Similarly,

3 A3 116o]* 1 g1 M@pts) 1

Yan =0r (ﬁ no12) PO \nap) YO T ae) =
where the second term is dominating as A\}/n® — 0 and A\3/n® — 0 by Assumption 2-(i) and
100]?/n < (p+ s)/n < (g/n); and the second term satisfies

nr—7(1—a) 1/
oor | )"

0 (A.23)

a—1

o) 0 (5) o,
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by Assumption 2-(iv) as v > 0. Finally, ¥3,, = 0,(1) can be shown similarly as Ws,, since

- A2 160112 1 1 A2 1

nd n n?

and

q 1
o () =0 () = >

by Assumption 2-(iv) as v > 0 and x > 3. Q.E.D.

nt—y(1-e) y A2(p + 5) y 1
(A1)? n3n>y (p+s)

1/~
n”] —0 (A.24)

Proof of Theorem 1 Using Lemma A.1, we only need to show that the minimal element of the
estimator of nonzero coefficients is larger than zero w.p.a.1: P{minjc 4 \é]ﬂ] > 0} — 1, where éj’A
is the jth element of 6 4 in (A.14). Note that by (A.21)

£H—Y
.7 . 7 n '\/p+s
0; 4] > 6; B L L A.25
min [0.4] > min |0 pal — = 57 (A.25)
where 0 g4 is the jth element of 4 in (A.20) and
in |6, in [0;4] — |04 — 0.4l A.26
min |0; g4l > min 05,41 = [0r4 — 0] (A.26)

But from (A.13), it holds that

5 A31160l3 + gn® B
E(|0pa —04)?) < 21
(s~ 0) < 2|22
_ A3(p + s) a®\ _ (4
- O(T +o(&; _o(g) (A.27)
w.p.a.l since )\g/n?’ — 0 and p + s < q. Moreover,
AN/ AT/ A\ 7 1
1772—1”5:0 %ﬂ < (1 —o(—]0,(1), (A.28)
bn? 4+ A n4n7y n n
where . .
ANvp+s 1 MNvpt+s (1
N X T 0( n) (A.29)

by Assumption 2-(iv) and

(g)] < 24 ZE(G -0

E

N

2 o
< 2+ FEHGenet - ‘90”2

2 X5)l60|* + Brq+ M(p+s)
n? (bn? 4+ A2)?

IN

2+

as we showed W3, = 0,(1) in the proof of Lemma A.1 above that gives
(0/m) ™" = 1(1/m)*) /% = Op(1). (A.30)
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Therefore, we have

10 Al 4 oL
il > min 41—/ 20,00 =0 (22) 0, )

and we have the desired result since /1/n < \/q/n converges to zero faster than n by (A.24).
Q.E.D.

Proof of Theorem 2 Using 04 in (A.14), we note that

Fr—1y 7rl/2 — 7 04
g+ D H L2 (80 15
= ((pgrso + X HZYE 07204 — Ora) (A.31)

+C ( po+so T )\QHA )H1/2n71/2(éRA — H_A)

Y2~ 20 4
+€ ( po+so T )‘QHA ) [ " 2 <m> ’

where Or4 is given in (A.20). Since Opg — 04 = (Ha + )\QIPOJFSO)*I(X;F:AWeA) — X\o(Ha +
Aolp+s,) 104 from (A.12), the second term in (A.31) satisfies
(po o + Mo H AV H 0204 — 0.0)
= H P 4 0B PV 07 B~ 0.4)
_ ﬁ21/2(ﬁ1/2+)\ 131;\1/2)
X {(ﬁw A H ) T 2 (X W) — M (HY? + )\Qiﬁ;‘lﬂ)’ln’l/%A}
= HMPXLp Wn Ve — M H %0,

where e = Z'u — nFr1o = Z'u — nF 47 4. Therefore, by Theorem 1, we can write

s Upotso t >‘2HA ) 71/2 n-1/2
P, = H 04—0
n C 1+ )\Q/n ( A .A)
= (I)l,n + (1)2771 + @3771

w.p.a.l, where

Drn = Upgrso + Ao H V072 (0.4 — Opa),

o = (ngtso + Ao HyHY P2 <11;\2T9A;\2) — (ol P 2y,
O3, = CHPXp W2
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We will show that ®1, = 0,(1), P2, = 0p(1), and P3,, <, N(0,1) to obtain the desired result.
First note that w.p.a.1 we have

@ﬁt£%<ﬂ—%YH [*(0a—0ra)|?
< %<1+2722>23”2||9A—5RA”2
- o[a[=EE @) ) a0

from (A.21), (A.28), (A.29) and (A.30). In a similar way, w.p.a.1, we have

2 1/2 )\29,4 22 i
q)%,n < - H(Ip0+50 +/\2HA )H / v +EH)\2HA / QAHQ
2 )‘% ~r1/2 2 A9 2 2 9 9 1
< - |[H{70 1+ = _)\ 0
- n(n2+)\2)2H A 04l + bn2 + —25[|04ll
_ 2% gy 2 225047
< B 1 0 2ellVAIlT
= 2+ )2 n ( + = 2) 160.4]* + e -

from (8) and Assumption 2-(iii) for ||6.4]|?> < ||6o]|?. Finally, we prove that ®3,, <, N(0,1). Recall
that e; = Zju; — Frg = Z;u; — F 474 so that e = ZZ 1 e;, and we can rewrite ®3, = > 7
with 7; = QPAI;GDX' f/*ln 1/2¢; by letting W = V-1 as the optimal weight. We also define
T = g’zAl/zzfmF AV n—1/2 ;. Then, since |[n2H4 — X4] 2 0, |0 X.pia — Sorall = 0, and
vV-v|Zo Wlth Eigmax(V) < oo from Assumption 1-(ii), we have ®3, = > " | r; + 0p(1). Also
note that >°I' ;72 = 1 + 0p(1) since
n

1“22 -1
i=1

C,ZAI/ZE/sz:AV_1< Zez )V EszAEA1/2C

for /¢ =1,84 =% p 4V 'S.0ma, and [0~ 30 | €€l — V| & 0. Therefore, for some € > 0,
w.p.a.1l we obtain the Lyapunov condition as

n n €/2

E E|r;|*™ < E | max |r;|¢ E 7 F max r? — 0
—t 1<i<n — 1<i<n

1= 1=

that gives the desired CLT, where the second inequality is from Jensen’s. Note that using Cauchy-

Schwartz
—-1/2 —1
SLop V| % 2 max el

F max r < ‘
1<i<n
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in which ||C’2A1/22’ AV 1|? is bounded since

2 2
s mF:AV_IH Eigmax(V ) |8 125 . —1/2H

IN

< Bigmax(V")Bigmax(¥ " E'sz;AV_lZmF;AE;tl/ O lCh?

= [Bigmin(V)] ' Eigmax(Iy+s,) [I]I* < oo

from Assumption 1-(ii) but n~'E maxi<i<y ||e;]|* — 0 from Assumption 3. Q.E.D.

Proof of Theorem 3 Conformable to the decomposition of Z; = [Z}, Z#]', we decompose the
q %X (po + so) matrix X., 5.4 as

2 A Oqfs ,8 —

2zch:.A = [sz:AyFA] = ' o (g=20) y
EZQ$Z.A Iso EN)
Po 50

where [n ' ZYX 4 — ., pall 2 0 and |01 Z¥ X4 — X.,0.4]| 2 0. Note that 3, 4.4 is (¢ — s0) X po
and X,,,.4 is so X po. Similarly, we let

Vit Viz | (g-s0)

V=
V1/2 Vaa S0
(g—s0) so
and
V,1 _ Vll V12 (qfso)
(Vlz)/ V22 s
(g—so0)  so

where explicit expressions of each term become clear at the end of this proof. Given X,,.r.4 and
V~! decompositions above, we can write

YAl BA12

—1 Ppo

E.A = E,/z:rF:.AV szF:.A = , s
Y2 XA | s

po S0
where
San = ZodV Soma + 5 0aV P 0 (A.32)
3 e a(VIY S, e+ 2 o AV,
Saz = TV,
Sam = V2

We now let 2341 be the pg X pg north-west block of Z;ll. From the partitioned inverse matrix
formula, we thus have

S = [Bann - SaeS 5,5 0s]

[Ezlx Avl 21w A T Z 217 AV12(V22) (Vu)lzzwﬂ]il

[

-1

1 —1
212 AVH Zzw A]
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from (A.32), where the last equality is from the fact that V' = V7t + V7'V V2V, V7t and
V2= v 'V 2. Q.E.D.

Recall that A = {j : 0jo # 0,7 = 1,2,---p + s} denotes the true model (i.e., collection of
nonzero coefficients). Welet S = {j:6; #0, j =1,2,--- ,p+ s} denote a generic candidate model
and |S| = card(S), where 6; denotes a generic estimate for 6;o. We also let Sp = {1,--- ,p + s}
denote the full model and A¢ = Sp\.A. We define

s = i Y, — X.p0) W (Y, — X.p0), A.33
S arg{aeRanl ov]ng}( FOYW(Y: #0) (A.33)

which is the unpenalized GMM estimator under the restriction that #; = 0 and all j ¢ S. We also
define
ICs = J(0s) + |S|In(n) max{In[ln(p + )], 1}.

The following two lemmas are useful to prove Theorem 4.

Lemma A.2. Under Assumptions 1 and 2, we have P{ming;4(ICs) > ICs.} — 1 as n — oo,
provided that nn?/(p + s) In(n) In[ln(p + s)] — oo.

Proof of Lemma A.2 Welet éGMM denote the unpenalized GMM estimator for 6, i.e., éGMM =
fs, from (A.33). Since O is a special case of the ridge estimator Ok with Ao = 0 in (A.1), by
the result in (A.13) we have

Ell0cym — 0ol> = E|(XLpW Xop) XL o Wel|?

) 2B
< [Bigmin(n 2X' , WX, p)] 2E|ln"2X.,Wel? < q

and hence ||Ogarar — 0o = Op(g/n). We can obtain

min (s ~ Borad|* > 5 min s — Boll* ~ [ — G0l > 5 min(6R,) — Opla/n) = 577~ Oyla/n)

SHA 254 2 jed 0 O 2 b ’

(A.34)
in which 7%n/q — oo from (A.24) so that the right hand side of (A.34) is positive w.p.a.1. Note
that X;FWY = (XQFWsz)éGMM, so we have

J(0s) — J(Ocarar) = n (Ve — Xopls) W (Y, — Xopls) — n Y (Ve — XorOaning) W (Ve — X.rOaaing)
=n"(0s — Ocrrn) (XL pWXop)(0s — Ocrin)
> n - Eigmin(n 2 XL pW X.r)||0s — Oaan||* = nb [_ —Cp <%>} '

Therefore,

glzlg(IC’g —1Cs,) > ggi [J(@g) — J(éGMM)] — (p+ s) In(n) max{In[ln(p + s)], 1}

> nbli* /2 = Op(q/n)] — (p+ 5) In(n) max{In[ln(p + s)], 1},

which is positive w.p.a.1 from the condition that nn?/(p + s) In(n) In[In(p + s)] — . Q.E.D.

Lemma A.3. Under Assumptions 1, 2, and 4, P{ming>4,5+4(ICs) > ICx} — 1 as n — oo.
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Proof of Lemma A.3 In this case, we have A C S but A # S. Hence, A° = S\ A # &. Recall
that X, . 4 consists of the columns of X, that correspond to nonzero elements in 6y. We let X, p.s
be the columns of X,r that are selected by model S. We also let X,p.4c denote the columns of
X, r.s that correspond to zero elements in 6y. We define

0q = arg min (Y, — sz;AH)’W(YZ — X.p.40), (A.35)
HcRPo+50
s = arg min (Y. — X.p.s0) W (Y. — X.p.s0),
HcRIS|
O4c = arg min (Y, — szzACG)'VAV(YZ — X, p.40).
9cRISI-IAl

In this case, we have
J(0.4) =n WY, — W2 X, p. 404
For the model S, by the Frisch-Waugh Theorem, we have

J(0s) = min n 7Y |WY2Y, - WY2X,p.s0|2
OcRIS|

= min ||V 4 — X460, (A.36)
0cRISI-1A|

where YAC = ]\4J¢11/T/1/2Y,Z and XAC = MAW1/2X2F:AC. Note that we define My = I, — P4 and
Pa=W'"2X o A(X p W Xopa) P X W2, Therefore,

J(0.4) = J(0s) =n WYY, = WYX o a04)2 — n |V 4e — Kpebpe||?
=0 H[WY2Y, — WYX pa0a)? — n WYY, — WYX, p Al — Xachac||?
1 (R R e ) e
N R e (R Kpe) R Ve
= n L WY R o (R X e ) IR W 2e, (A.37)
where the last equality uses the fact that YAC = MAW1/2YZ = MAVVI/Ze and since e = Y, —
X.r.n04. We now let Pg.. = X Ac(N;‘CX AC)—1§§£467 which is positive semi-definite with rank

|S| — po — so. Recall that the optimal weighting matrix W is chosen such that |[IW —V~!|| £ 0 and
it holds that ||n"'X.p — Sour|| LA 0, so there exists a nonrandom matrix P§AC such that ||P§§Ac _

P§2AEH 2, 0, where P§2AC is symmetric and idempotent. Therefore, by the Spectral decomposition,

we can decompose PXOAC = LL', where L is an ¢ X (|S| — po — so) orthonormal matrix consisting
of the eigenvectors corresponding to the eigenvalues of 1. If we let L; denote the jth column of L,
then (A.37) can be rewritten as

J(04) — J(Bs) = n~ e VTI2LL'V Y261 + 0,(1)],

|5‘—p0—80
_ Z ‘n—l/QL;.V—lﬂe
j=1

1+ 0,(1)

2

IA

max

, (IS = po — s0) x [1+ 0p(1)].
J=1,,|S|=po—s0

nfl/Q Z L9V71/2€z‘
=1
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However, > 1_, L?k =1for all j and n= /23" | L;-V_l/gei =3 >i n~Y2L k&, where Ljp,
is the kth element of L; and é;;, is the kth element of V~1/2¢;. Moreover, by the Assumption 4, we
have

cofloglIS| = po —s)l}? _ ___co
log(IS]) = Tlog (IS 172

R

i=1 k=1

> log(ISD> <

P max
j:17.‘. 7|S|7p0780

for some positive constant ¢y < co. It thus follows that

3

J(0.4) = J(0s) < 1og(ISI)(|S| = po — s0)[1 + 0p(1)]

w.p.a.l. Therefore,

ICs —1C4 = J(Bs) = J(0.4) + (IS| = po — s0) In(n) max{In[ln(p + )], 1}
= (18] = po = s0) (In(n) max{In[In(p + s)], 1} — log(|S|)[1 + 0p(1)])
yielding

. I1Cs — IC 4
i, { s > o) max(inlinp -+ ), 1} log(p + ){1 -+ 0,(1)]
> In(n) (max{In[ln(p + s)],1} — v[1 + 0p(1)]), (A.38)

where lim,, , s—oo[(p + 5)/n”] < 1 for some 0 < v < a < 1 from Assumption 2-(i). Since 1 — v[1 +
op(1)] > 0 w.p.a.l and In[In(p+ s)] — oo as p+ s — oo, the right hand side of the above inequality
is positive w.p.a.l. Q.E.D.

Proof of Theorem 4 We note that 64 = (X;F:AWXZp;A)_lXéF:AWYZ from (A.35), so we have

. : -1 N T .
O = (X;F:AWXzFiA + )\QIPO+SO> { LAWY, — §>\1dlag{sgn(9A)}7TA ;

= (XLpaWXera+ Dalpisg)  [XLpaW Xoriaha — 5 Xiding{sgn(0.)}a]

from (A.14), where 74 is the column vector of the adaptive weights corresponding to nonzero
coefficients of §. Recall that 0 4 is the adaptive elastic net GMM estimator 0 in (3) that corresponds
to 04. diag{sgn(f4)} is the diagonal matrix whose diagonal elements are sgn(f4). We further let
An be the sequence of A such that 6 defined in (3) has the properties shown in Theorem 1. Then
P(S,, = A) — 1 by Theorem 1, where Sy, = {j : é)\n,j # 0}. It follows that w.p.a.l

‘](9«4) - J(éSAn) = n71||W1/2YPZ - I/AVI/QAXPZF:./‘lé.A”2 - TL?IHWUQYFZ - Wl/QXzF:.AéAHQ
=0 X W XpiaOa — 20 YW X aOa + 00 X p AW X, pnfa
=n(04—04)(n2X.  WX,p) (04 —04)

< nEigmax(n 2 X, WX,p)|04 — 0.4
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Note that, however, w.p.a.l

- . -1 . § 1., . L _ 2
= 0a1? = | (Xed ¥ Xeroa  MaTn) XLV Xl ~ N ilingfon 0.0} 7a] = O

2

~ —1 <
X;F;AWXzF:.A )\2 >\2‘9A
ol L e B e

AT L. - .
+ 2—n2d1ag{sgn(9A)}7rA]

2

A0 A R
22“4 + 27112 diag{sgn(04)}7 4

~ —2
X o WX, A
< [Eigmin ( zF..An2 zF: A + n_glpo—i-so)] '

< 2072 ([In~2Aoflal? + 22X diag{sen(0.4)}7.4]2)

0, (—Ag(i al 3)) +0, (—Xf o+ 8)> — op(n~Y) (A.39)

7147727

since Eigmin(X;F:AWsz;A + Xolpyts) > Eigmin(X;F:AWsz;A) > Eigmin(X;FWsz). Hence,
J(04) — J(ésxn) = 0p(1) w.p.a.l from Assumption 2-(iii) and (iv). Also note that Plog = (1+
/\g/nz)éA] — 1 by Lemma A.1, so w.p.a.1 we have

J(0.4) = J(6.4)
— TL_1||W1/2Y; _ W1/2X2F1A9A||2 _ n—1||W1/2}/Z _ W1/2XZF:AéA||2

= n_3/\§é,4 <n_2X;F:AWXzF;A> 04— 2n 3N (Y, — XzF:AéA),WXzF:AéA

IN

nigAgEigmaX(n72X,leWXzF) ”é.AH2 - Qnig)‘Z[Yfz - XZF:AéA + XZF:.A(é.A - é.A)]IWXzF:.Aé.A

A

BI04l — 207 Na(Ba = B.)' (02 XLpaW Xopin)

IN

nN3B|0 4] + 20" o B|04 — 0] - [|6.4]

~0, <@> +0, (%(pg/;)”) | [op </\§(1;: s)> ‘o, (A’{ﬁ;@)

where we use (A.39) and Assumptions 2-(iii) and (iv) in the last equality. Hence, J(6.4)—J (QSM) =

1/2
= Op(1)7

op(1) w.p.a.1, which implies

ICy, — ICs, = o0p(1)
w.p.a.l. We now define Q_ = {X: 8\ 2 A}, @y = {A: ACS,A# S} and Qp = {\: S\, = A}
Note that P(Sy, = A) — 1, so w.p.a.l we have

. . > .
)\ler%]fi(fc,\) [C)\n = )\ler%lf,([C)\) ICA+OP(1)

> min (ICs) — IC 4+ 0,(1
_‘;gi( s) A+ op(1)

= min (ICs) — ICSF + Op(l) + ICSF —1Cy.
SrpA
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From Lemma A.2, we know that ming 5 4(/Cs) — ICs;, + 0p(1) > 0 w.p.a.1. In addition, Lemma
A.3 shows that P(ICs, — IC4 > 0) — 1. We thus have P{infyeq (IC)) —IC), > 0} — 1 as
n — oo. Similarly, we have

. . > i _ > ; _
Algrgl)ﬂ([Cﬂ [C)‘”_)\lerbi(lc)‘) ICA+OP<1)_AQIE,I.,£1;&S([CS) IC A+ 0p(1).

Recalling that
. { ICs — ICy
min _
ACSA#S | (|S] = po — so)

in (A.38), we can conclude that P{infycq, (ICy) — IC), > 0} — 1, which gives the desired result.
Q.E.D.

} > In(n) (max{In[ln(p + s)], 1} — v[1 4+ 0,(1)]) — o0
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Table 1: RMSE of estimators of 74c, T4, 54¢, and 54

n=250,p=18,po =3, s=15, 50 =6, ¢ =42 and p,, = 0.5

AENet ALasso-LARS ALasso-CL
T4, C, p, Tmser Tmses Tmses Trmses | rmse; Trmsey Tmses TMSes | TMSe;  TMSEs  TMSes  rmsey
3,.25, .5 0.014 0.160 0.037 0.112 | 0.015 0.159 0.037 0.111 | 0.005 0.282 0.096  0.094
.3, .50, .5 0.013 0.166 0.033 0.089 0.013 0.166 0.033 0.087 0.005 0.282 0.096 0.094
3,.75, .5 0.013 0.166  0.033 0.088 | 0.013 0.167 0.032 0.086 | 0.005 0.282 0.096 0.094
.6, .25, .5 0.013 0.203 0.034 0.111 0.013 0.197 0.033 0.112 0.005 0.557 0.105 0.104
.6, .50, .5 0.012 0.213 0.029 0.083 | 0.012 0.210 0.029 0.083 | 0.005 0.557 0.105 0.104
.6, .75, .5 0.012 0.215 0.029 0.082 | 0.012 0.212 0.028 0.081 | 0.005 0.557 0.105  0.104
.9, .25, .5 0.013 0.278 0.033 0.111 | 0.014 0.261 0.032 0.111 | 0.005 0.820 0.107 0.106
.9, .50, .5 0.012 0.289 0.028 0.082 | 0.012 0.280 0.028 0.082 | 0.005 0.820 0.107  0.106
.9,.75, .5 0.012 0.291 0.028 0.081 | 0.012 0.283 0.027 0.080 | 0.005 0.820 0.107 0.106
3,.25,.95 0.009 0.202 0.079 0.181 | 0.009 0.202 0.080 0.183 | 0.010 0.298 0.225 0.191
3,.50,.95 0.008 0.209 0.072 0.164 | 0.008 0.210 0.073 0.167 | 0.010 0.298 0.225 0.190
3,.75,.95 0.007 0.212 0.066 0.145 | 0.007 0.213 0.066 0.147 | 0.010 0.298 0.225  0.190
.6,.25,.95 0.008 0.234 0.071 0.176 | 0.008 0.229 0.072 0.177 | 0.010 0.594 0.232  0.203
.6,.50, .95 0.007 0.249 0.065 0.156 | 0.007 0.246 0.066 0.157 | 0.010 0.594 0.232  0.203
.6,.75,.95 0.007 0.253 0.058 0.133 | 0.007 0.250 0.058 0.134 | 0.010 0.594 0.232  0.203
9,.25,.95 0.008 0.297 0.068 0.176 | 0.008 0.284 0.067 0.176 | 0.010 0.887 0.235  0.207
.9,.50,.95 0.007 0.320 0.062 0.154 | 0.007 0309 0.062 0.155 | 0.010 0.887 0.235  0.207
9,.75,.95 0.006 0.327 0.0564 0.129 | 0.007 0.316 0.0565 0.130 | 0.010 0.887 0.235  0.207
n = 1000, p =18, pg = 3, s =15, sp = 6, ¢ =42 and p,,, = 0.5
AENet ALasso-LARS ALasso-CL
Ta, C, p, Tmse; Tmses Tmses Tmses | Tmse; Tmses Tmses Tmses | TMse;r TMSey TMSe3  TMSey
3,.25, .5 0.004 0.049 0.008 0.039 | 0.004 0.049 0.007 0.039 | 0.004 0.054 0.040 0.038
.3, .50, .5 0.003  0.050  0.007 0.037 | 0.003 0.050 0.007 0.037 | 0.004 0.054 0.040 0.038
3,.75, .5 0.003  0.050  0.007 0.037 | 0.003 0.050 0.007 0.037 | 0.004 0.054 0.040 0.038
.6, .25, .5 0.004  0.065 0.007 0.039 | 0.004 0.063 0.007 0.039 | 0.004 0.097 0.040 0.038
.6, .50, .5 0.003  0.067 0.007 0.037 | 0.003 0.066 0.007 0.036 | 0.004 0.097 0.040 0.038
.6, .75, .5 0.003  0.067 0.007 0.037 | 0.003 0.066 0.007 0.036 | 0.004 0.097 0.040 0.038
.9, .25, .5 0.003  0.087 0.007 0.039 | 0.004 0.084 0.007 0.039 | 0.004 0.140 0.040 0.038
.9, .50, .5 0.003 0.090 0.007 0.036 0.003 0.088 0.007 0.036 0.004 0.140 0.040 0.038
.9, .75, .5 0.003 0.091 0.007 0.036 | 0.003 0.089 0.006 0.036 | 0.004 0.140 0.040 0.038
3,.25,.95 0.002 0.053 0.029 0.088 | 0.002 0.053 0.029 0.088 | 0.007 0.291  0.157 0.121
3,.50,.95 0.002 0.056 0.022 0.067 | 0.002 0.056 0.022 0.067 | 0.007 0.291 0.157 0.121
3,.75,.95 0.002 0.056 0.020 0.057 | 0.002 0.056 0.019 0.057 | 0.007 0.291 0.157 0.121
.6,.25, .95 0.002 0.066 0.028 0.088 | 0.002 0.064 0.028 0.088 | 0.007 0.574 0.172  0.137
.6,.50, .95 0.002 0.071 0.021 0.066 | 0.002 0.069 0.021 0.066 | 0.007 0.574 0.172  0.137
.6,.75, .95 0.002 0.072 0.018 0.055 | 0.002 0.070 0.018 0.055 | 0.007 0.574 0.172  0.137
.9,.25,.95 0.002 0.089 0.027 0.088 | 0.002 0.083 0.027 0.089 | 0.007 0.854 0.176  0.141
9,.50,.95 0.002 0.094 0.021 0.066 | 0.002 0.090 0.021 0.066 | 0.007 0.854 0.176  0.141
.9,.75,.95  0.002 0.096 0.018 0.054 0.002 0.092 0.018 0.055 0.007 0.854 0.176 0.141

Note: AENet is the estimator defined in (3) and solved by the LARS algorithm. ALasso-LARS is the same as AENet
except that Az is restricted to be zero. ALasso-CL is the estimator proposed by Cheng and Liao (2013). p, controls

the correlation of Zi;. T4 is the expectation of the invalid moment conditions. C' is the value of nonzero structural

parameters. rmser, rmsez, rmses and rmses denote the RMSEs of Tac, T4, B¢, and B 4, respectively.
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Table 2: Moment Selection Accuracy

n=250,p=18,pg =3, s =15, s =6, ¢ =42 and p,,, = 0.5
AENet ALasso-LARS ALasso-CL

T4, C, p, Prq Pro Prq Pry Prq Pry
3,.25,.5 | 0.957 0.920 | 0.956 0.922 | 0.997 0.256
3,.50,.5 | 0.963 0.912 | 0.962 0.913 | 0.997 0.256
3,.75,.5 1 0.964 0.912 | 0.963 0.912 | 0.997 0.256
.6,.25,.5 | 0.965 1.000 | 0.962 1.000 | 0.997 0.368
.6,.50,.5 | 0.970 1.000 | 0.968 1.000 | 0.997 0.368
.6,.75,.5 | 0.970 1.000 | 0.969 1.000 | 0.997 0.368
.9,.25,.5 | 0.967 1.000 | 0.961 1.000 | 0.997 0.424
.9,.50,.5 | 0.972 1.000 | 0.967 1.000 | 0.997 0.424
9,.75,.5 | 0.972 1.000 | 0.968 1.000 | 0.997 0.424
3,.25,.95 1 0.977 0.758 | 0.977 0.762 | 0.988  0.017
.3,.50,.95 | 0.980 0.732 | 0.980 0.734 | 0.988  0.017
3,.75,.95 1 0.982 0.725 | 0.981 0.726 | 0.988  0.017
.6,.25,.95 | 0.981 0.995 | 0.980 0.995 | 0.987 0.024
.6, .50, .95 | 0.983 0.993 | 0.982 0.994 | 0.987 0.024
.6,.75,.95 | 0.985 0.993 | 0.984 0.993 | 0.987 0.024
.9,.25,.95 | 0.982 0.999 | 0.980 0.999 | 0.987 0.035
.9,.50,.95 | 0.984 0.999 | 0.982 0.999 | 0.987 0.035
.9,.75,.95 | 0.986 0.999 | 0.984 0.999 | 0.987 0.035

n = 1000, p =18, pp = 3, s = 15, s = 6, ¢ = 42 and p,,, = 0.5
AENet ALasso-LARS ALasso-CL

T4, C, p, | Pri Pry Prqy Pry Pry Pry
3,.25,.5 1 0.993 1.000 | 0.992 1.000 | 0.995 1.000
.3,.50,.5 | 0.993 1.000 | 0.993 1.000 | 0.995 1.000
3,.75,.5 1 0.993 1.000 | 0.993 1.000 | 0.995 1.000
.6,.25,.5 | 0.993 1.000 | 0.992 1.000 | 0.995 1.000
.6,.50,.5 | 0.993 1.000 [ 0.993 1.000 | 0.995 1.000
.6,.75,.5 | 0.994 1.000 | 0.993 1.000 | 0.995 1.000
9,.25,.,5 | 0.993 1.000 | 0.992 1.000 | 0.995 1.000
.9,.50,.5 | 0.994 1.000 | 0.993 1.000 | 0.995 1.000
9,.75,.5 | 0.994 1.000 | 0.993 1.000 | 0.995 1.000
.3,.25,.95 | 0.997 1.000 | 0.997 1.000 | 0.977 0.066
.3,.50,.95 | 0.997 1.000 | 0.997 1.000 | 0.977 0.066
.3,.75,.95 | 0.997 1.000 | 0.997 1.000 | 0.977 0.066
.6,.25,.95 | 0.997 1.000 | 0.996 1.000 | 0.977 0.109
.6, .50, .95 | 0.998 1.000 | 0.997 1.000 | 0.977 0.109
.6,.75,.95 | 0.998 1.000 | 0.997 1.000 | 0.977 0.109
.9,.25,.95 | 0.997 1.000 | 0.996 1.000 | 0.977 0.139
.9, .50, .95 | 0.998 1.000 | 0.997 1.000 | 0.977 0.139
.9,.75,.95 | 0.998 1.000 | 0.997 1.000 | 0.977 0.139

Note: AENet is the estimator defined in (3) and solved by the LARS algorithm. ALasso-LARS is the same as
AENet except that \g is restricted to be zero. ALasso-CL is the estimator proposed by Cheng and Liao (2013). p,
controls the correlation of Zi;. 7.4 is the expectation of the invalid moment conditions. C' is the value of nonzero
structural parameters. Pr; is the percentage of replications that yield zero estimates for 7 4c. Prs is the percentage

of replications that yield nonzero estimates for 7.4. 38



Table 3: RMSEs in the Case of Highly Correlated Endogenous Variables

n =250,p =18, pg =3, s =15, s =6, ¢ =42, p,,, = 0.95, and p, = 0.99
AENet ALasso-LARS
T4, C | rmse; rmses rmses TmSey | TMSe; rmses rmses  TMmsey
3,.25 |1 0.004 0.277 0.126 0.227 | 0.004 0.276 0.139 0.236
3,.50 | 0.003 0.282 0.117 0.241 | 0.003 0.283 0.128 0.247
3,.75 | 0.005 0.434 0.125 0.223 | 0.005 0.431 0.139 0.231

.6,.25 | 0.005 0434 0.125 0.223 | 0.005 0431 0.139 0.231
.6,.50 | 0.004 0.460 0.118 0.237 | 0.004 0.459 0.130 0.243
.6,.75 | 0.004 0463 0.120 0.256 | 0.004 0.464 0.130 0.262
.9,.25 | 0.005 0.560 0.120 0.217 | 0.005 0.546 0.133 0.223
.9,.50 | 0.004 0.601 0.114 0.229 | 0.004 0.594 0.125 0.234
.9,.75 | 0.004 0.611 0.117 0.249 | 0.004 0.604 0.127 0.253

n = 1000, p =18, po = 3, s = 15, so =6, ¢ =42, p,, = 0.95, and p, = 0.99
AENet ALasso-LARS

rmse;  Tmses TMSes TmMSes | TMsSe;  rmses  TMses  Tmsey
25| 0.001  0.083 0.059 0.122 | 0.001 0.083 0.065 0.125
0.001 0.088 0.063 0.141 | 0.001 0.090 0.069 0.144
0.001 0.089 0.060 0.139 | 0.001 0.091 0.065 0.142
0.001 0.112 0.056 0.121 | 0.001 0.107 0.063 0.123
0.001 0.123 0.061 0.138 | 0.001 0.119 0.066 0.140
0.001 0.125 0.057 0.134 | 0.001 0.121 0.063 0.137
0.001 0.155 0.056 0.121 | 0.001 0.141 0.061 0.123
0.001 0.170 0.060 0.138 | 0.001 0.157 0.065 0.139
0.001 0.174 0.057 0.134 | 0.001 0.161 0.062 0.136

\]
>
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Note: AENet is the estimator defined in (3) and solved by the LARS algorithm. ALasso-LARS is the same as AENet
except that Az is restricted to be zero. p, controls the correlation of Z{;. p,, is the correlation between u and v. 7.4
is the expectation of the invalid moment conditions. C'is the value of nonzero structural parameters. rmse;, rmsesz,

rmsez and rmses denote the RMSEs of T4c, T4, 84, and 3 4, respectively.
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Table 4: Redundant Instruments

n =250, p=18,py=3,s=15, 50 =6, ¢ =42 and p,, = 0.5

AENet ALasso-LARS ALasso-CL
T4, C, p, | rmses rmses  Prs | rmses rmses Prs | rmses rmses  Prs
3,.25,.5 | 0.044 0.113 0.022 | 0.043 0.113 0.022 | 0.114 0.092 0.020
.3,.50,.5 [ 0.039 0.088 0.019 | 0.039 0.087 0.019 | 0.114 0.092 0.020
3,.75,.5 | 0.039 0.088 0.019 | 0.038 0.086 0.019| 0.114 0.092 0.020
.6,.25 .5 | 0.039 0.111 0.016 | 0.038 0.112 0.016 | 0.126 0.100 0.019
.6,.50,.5 | 0.034 0.083 0.015| 0.034 0.083 0.015| 0.125 0.100 0.019
.6,.75,.5 | 0.034 0.082 0.015 | 0.033 0.082 0.015| 0.125 0.100 0.019
9,.25,.5 | 0.039 0.112 0.017 | 0.038 0.112 0.019 | 0.127 0.101 0.018
.9,.50,.5 | 0.033 0.083 0.014 | 0.032 0.082 0.016 | 0.127 0.101 0.018
9,.75,.5 | 0.032 0.081 0.013 | 0.032 0.080 0.015| 0.127 0.101 0.018
n = 1000, p =18, pp =3, s =15, 59 = 6, ¢ = 42 and p,,, = 0.5
AENet ALasso-LARS ALasso-CL

T4, C, p, | rmses rmsey Prsg rmses  rmsey Prsg rmses  Tmsey Prsg
3,.25,.5 | 0.010 0.040 0.003 | 0.009 0.040 0.004 | 0.048 0.039 0.286
.3,.50,.5 [ 0.009 0.038 0.003 | 0.009 0.038 0.003 | 0.048 0.039 0.286
3,.75,.5 | 0.009 0.038 0.003 | 0.009 0.038 0.003 | 0.048 0.039 0.286
.6,.25,.,5 | 0.009 0.040 0.003 | 0.009 0.040 0.003 | 0.048 0.039 0.284
.6, .50, .5 | 0.009 0.037 0.003 | 0.008 0.037 0.003 | 0.048 0.039 0.284
.6,.75,.5 | 0.009 0.037 0.003 | 0.008 0.037 0.003 | 0.048 0.039 0.284
9,.25..5 | 0.009 0.040 0.003 | 0.009 0.040 0.003 | 0.048 0.039 0.284
.9,.50,.5 | 0.008 0.037 0.003 | 0.008 0.037 0.003 | 0.048 0.039 0.284
.9,.50,.5 | 0.008 0.037 0.003 | 0.008 0.037 0.003 | 0.048 0.039 0.284

Note: AENet is the estimator defined in (3) and solved by the LARS algorithm. ALasso-LARS is the same as AENet
except that Az is restricted to be zero. ALasso-CL is the estimator proposed by Cheng and Liao (2013). p, controls
the correlation of Zi;. T4 is the expectation of the invalid moment conditions. C' is the value of nonzero structural
parameters. rmses and rmses denote the RMSEs of 8 4., and 8 4, respectively. Prs is the percentage of replications

that yield nonzero estimates for 7 for redundant instruments.
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