C R FOR POLICY
R R

ENTE
ESEARCH

WORKING PAPER SERIES

THE MAXWELL SCHOOL

Estimation and Identification
of Change Points in Panel
Models with Nonstationary or
Stationary Regressors and
Error Term

Badi H. Baltagi, Chihwa Kao and Long Liu

426 Eggers Hall
Syracuse Liniversity

Syracuse, NY 13244-1020
Paper No. 178

hittp-/ Swww manwell sy edw/CPR_Working_Papers.aspx Januar Y 2015



CENTER FOR POLICY RESEARCH —Spring 2015

Leonard M. Lopoo, Director

Associate Professor of Public Administration and International Affairs (PAIA)

Associate Directors

Margaret Austin
Associate Director
Budget and Administration

John Yinger

Trustee Professor of Economics and PAIA
Associate Director, Metropolitan Studies Program

SENIOR RESEARCH ASSOCIATES

Badi H. Baltagi...........ccocvvvvvereeeiiiiiieeneeeenn Economics  Jerry MiNer........ccccvvveeeeei i Economics
Robert BifulCO ......uvveeiiiiiiieece e PAIA  Cynthia MOIOW ......cccccveveeciiiiiiiieeece e PAIA
Thomas DenniSoN ........c.coooiiiiiieieieeeiiiiieeeeeeee PAIA  Jan ONndrich.......cccoociieiiieeiniiee e Economics
Alfonso Flores-Lagunes ...........cccccovvveeeenee Economics  JOhN Palmer........ccccooiiiiiiiiiiiiiiiee e PAIA
Sarah Hamersma ..........ccccoovvieiiiiiiiic e PAIA  David POPP .ooooiiieeeiiiieeeeiee e PAIA
William C. HOrrace ........ccccceeeeeiiiiiiieeneeenn. Economics  Stuart Rosenthal ..........cccccoooviiiiiiieeniiis Economics
YiliN HOU .o PAIA  R0ss Rubenstein.........ccccccevviiciiiniie e, PAIA
Duke Ka0.......ccooiiiiieiiiiiieiiiecc e Economics Rebecca Schewe...........cccccvieeiiiiiiiiiiiennne Sociology
Sharon KioKO.........uevviieeiiiiiiiiiicee e PAIA  Amy Ellen Schwartz .................ocue. PAIA/Economics
Jeffrey KUbiK.......ooooeviiiiie Economics  Perry Singleton...........cooeoi i, Economics
YOoONSeoK Lee ... Economics  Abbey Steele.........cooeeiiiiiiii PAIA
AMY LULZ....ooo Sociology  Michael Wasylenko...........ccoooovieiiiinns. Economics
YiNgyi Ma....ccooooiiiicccc e Sociology Peter WilCOXen..........ccccooeviiiiii PAIA
GRADUATE ASSOCIATES
Emily Cardon ... PAIA  QiNG MIBO ...coviiiiiiiii i PAIA
Hannah Dalager ........ccccoeviieeeiiiiieeiee e PAIA  Nuno Abreu Faro E Mota...........cccceeeviiveeens Economics
Maidel De La Cruz........cccueeeveieiiiiiiiiieeee e PAIA  Judson MUrchie ..., PAIA
(O 1[0 131 DI T- V.4 Economics SunJung Oh........coceiiiieeieeiiiiciieeeeen, Social Science
Vantiel Elizabeth Duncan ...........cccccoccveiiiiine e, PAIA  Brian Ohl.......cooiiiiiiiiiiieee e PAIA
Alex Falevich ..........ccccoe Economics Laura Rodriquez-Ortiz ...........ccccvveeeeeeeiiiiciirieneeenn, PAIA
LiNCOIN GrOVES ....cooveeeiiiiiieeeeee e PAIA Timothy Smilnak .........ccccceeeeiiiiiiiieee e, PAIA
RUDY JENNINGS....cciiieiiiiiieice e PAIA  Kelly StEVENS ....oceoiiiiiiiiiiee e PAIA
YUSUN KiM oo PAIA RebeccaWang .......cccoceeevniiieiniiieiiieeeee Sociology
Bridget LenKieWiCzZ ..........c..eeeveiiiiiiiiiiiieeeeee PAIA  Pengju Zhang .......ccccocveeeiiiieeeiniiiee e Economics
Michelle LOfton ... PAIA  Xirui Zhang ........cccceiiiieiiiiiieeeec e Economics
Roberto Martinez..........ccuveeeieiiiiiieeeee e PAIA
STAFF

Kelly Bogart...........ccoevvaeenen. Administrative Specialist Candi Patterson....................... Computer Consultant
Karen Cimilluca...............ccoooeeeeni. Office Coordinator Mary Santy..............c.ccc.veeee Administrative Assistant
Kathleen Nasto............ccceeeennes Administrative Assistant Katrina Wingle....................... Administrative Assistant



Abstract

This paper studies the estimation of change point in panel models. We extend Bai (2010)
and Feng, Kao and Lazarova (2009) to the case of stationary or nonstationary regressors and
error term, and whether the change point is present or not. We prove consistency and derive the
asymptotic distributions of the Ordinary Least Squares (OLS) and First Difference (FD)

estimators. We find that the FD estimator is robust for all cases considered.
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Abstract

This paper studies the estimation of change point in panel models. We extend Bai (2010)
and Feng, Kao and Lazarova (2009) to the case of stationary or nonstationary regressors and
error term, and whether the change point is present or not. We prove consistency and derive
the asymptotic distributions of the Ordinary Least Squares (OLS) and First Difference (FD)
estimators. We find that the FD estimator is robust for all cases considered.
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1 Introduction

Testing and estimation of change points in time series models have been widely studied, see Picard
(1985), Nunes, Kuan and Newbold (1995), Hsu and Kuan (2008), Bai (1996, 1997, 1998) and
Perron and Zhu (2005), to mention a few. Zeileis, Kleiber, Kramer and Hornik (2003) incorporate
testing and dating of structural changes in the package strucchange in the R system for statistical
computing. One important issue in the time series change point literature is that the estimate
of the break date can not be consistently estimated, no matter how large the sample. Recently,
this change point literature has been extended to panel data, see Feng, Kao and Lazarové (2009),
Bai (2010), Hsu and Lin (2011), and Kim (2011), to mention a few. For panel data, the number

of cross-sectional units n can be much larger than the number of time series observations 7. Bai
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(2010) shows that it is possible to obtain consistent estimates of the break point as n goes to infinity.
Consistency is obtained even when a regime contains a single observation, making it possible to
quickly identify the onset of a new regime. Feng et al. (2009) extend Bai (2010) to a multiple
regression model in a panel data setting where a break occurs at an unknown common date. They
show that the break date estimate is consistent and derive its asymptotic distribution without
the shrinking break assumption. In a pure time series framework, Perron and Zhu (2005) analyze
structural breaks with a deterministic time trend regressor. Bai, Lumsdaine and Stock (1998)
consider a dynamic model in multivariate time series including I(0), I(1), and deterministically
trending regressors. Kim (2011) extends the Perron and Zhu (2005) paper to large (n,T') panel
data with cross-sectional dependence. There are two potential limitations of these papers. First, a
break point is assumed to exist. Second, in most papers, both regressors and error term are assumed
to be stationary. Exceptions are Bai, Lumsdaine and Stock (1998) who discuss both stationary and
nonstationary regressors and Perron and Zhu (2005) and Kim (2011) who discuss both stationary
and nonstationary error terms. However, Bai, Lumsdaine and Stock (1998) and Perron and Zhu
(2005) are concerned with the time series case. In addition, Perron and Zhu (2005) and Kim (2011)
only discuss the case where the regressor is a time trend. In a pure time series framework, Nunes
et al. (1995) and Bai (1998) show that when the disturbances follow an (1) process, there is a
tendency to spuriously estimate a break point, in the middle of the sample, even though a break
point does not exist. Recently, Hsu and Lin (2011) show that the spurious break still exists when
a fixed effects estimator is used in panel data.

This paper studies the estimation of a change point in a panel data model with an autocorrelated
regressor and an autocorrelated error (both of which can be stationary or nonstationary). This is
done in case a change point is present or not present in the model. We focus on the change point
estimation using the Ordinary Least Squares (OLS) and First Difference (FD) estimators. We
establish the consistency and rate of convergence of these change point estimators. The assumption
of the shrinking magnitude of the break is relaxed. More formally, the magnitude of the break in
panel data is allowed to shrink to zero slower than in pure time series. The limiting distributions
of the change point estimators are derived. We find that the FD estimator of the change point is
robust to stationary or nonstationary regressors and error term, no matter whether a change point
is present or not.

The paper is organized as follows: Section 2 introduces the model and assumptions. Section
3 proves the consistency of the change point using an OLS estimator. In addition, the limiting
distribution of the OLS change point estimator is derived. Section 4 derives the consistency and
limiting distribution of the change point using a FD estimator. Simulation results are presented

in Section 5, while Section 6 provides the concluding remarks. Mathematical proofs and more



simulation results are contained in the supplemental appendix, Baltagi, Kao and Liu (2012), and
are available upon request from the authors. We use L denotes a lag operator and £ a mathematical
expectation, %4 to denote convergence in distribution, LN convergence in probability and [z] the
largest integer < x. We write W (1) as W and the integral [7 W (r)dr as [? W when there is no

ambiguity over limits.

2 The Model and Assumptions

Consider the following panel regression with a change point at kg in the slope parameter,

a1 + Brag + Ut fort =1,..., ko

Yit = { o + Boxit + Ut fort=ky+1,...,T (1)
fori =1,..., n, where y;; is the dependent variable and z;; is the explanatory variable. For simplicity,
we consider the case of one regressor besides a constant, but our results can be extended to the
multiple regressors case. a1 and as are unknown intercept parameters and 81 and By are unknown
slope parameters. u; is the disturbance term. The general case with fixed effects will be discussed
in Section 4. Define Xy = (1,z4)", v = (a1, 81) and 6 = (g — a1, 2 — B1)’. Equation (1) can be
rewritten as

vir = Xoy + X560 - 1{t > ko) + ug, i=1,---,nt=1,---,T, (2)

where 1(-) is an indicator function. If § # 0, there is a change at an unknown date ko where
ko = [10T] for some 19 € (0,1). If § = 0, there is no change in the model and hence kg = [rT] for
7o = 0 or 1. We aim to estimate the change point k. Following Joseph and Wolfson (1992) and Bai
(2010), we assume the common break point kg that is the same for all i = 1,..., n. As discussed in
Bai (2010), “Theoretically, common break is a more restrictive assumption than the random breaks
of Joseph and Wolfson (1993). Nevertheless, when break points are indeed common, as a result
of common shocks or policy shift affecting every individual, imposing the constraint gives a more
precise estimation. Computationally, common break model is much simpler. Furthermore, even if
each series has its own break point, the common break method can be considered as estimating the
mean of the random break points, which can be useful.” This common break assumption has been
used in empirical research such as Murray and Papell (2000). Bai, Lumsdaine and Stock (1998) is
another important paper on common breaks in the multivariate time series literature.

Following Baltagi, Kao and Liu (2008), we consider the case where z;; and u; are AR(1)
processes, i.e.,

Tit = ATi—1 + €t (3)

and

Uig = PUi—1 + €, (4)



where —1 < A < 1and —1 < p < 1. Clearly, u; is stationary when |p| < 1, and nonstationary when
p = 1. Similar to the assumptions in Kim (2011), we assume that &;; and e;; are linear processes

that satisfy the following assumptions:

Assumption 1 For each i, €4 is such that E]eit|2+¢ < 00, ¢ > 0 and € = c(L)ny, where
nie ~ iid (0,07) and ¢ (L) = >0 c; L7 with >0 lejl < M and c(z) # 0 for all |2] < 1. M is a

generic finite positive number which depends on neither T nor n.

Assumption 2 For each i, ey is such that E|eit|2+‘]5 < oo, ¢ > 0 and ey = d(L) (¢, where
Cir ~ did (o,ag) and d (L) = Y2 g d; L7 with S5 j|dj| < M and d(z) # 0 for all |2| < 1. M is a

generic finite positive number which depends on neither T nor n.
Assumption 3 We also assume €;; and e;; are independent.

Assumptions 1 and 2 imply that the partial sum processes ﬁ qu} €it and ﬁ Zgrl} e;¢ satisfy

the following multivariate invariance principle:
1 (Tr] 4
ﬁ ; it — 0eWei
and
1 (Tr] .
7T ; eit — 0eWei

as T' — oo for all 4, where [We;, Wm«]/ is a standardized Brownian motion. 03 = 0'% Z}io c? and
= 02 Z;’;O d? are the long-run variances of €;; and e;, respectively. When n = 1, [We;, We;)’
reduces to [We, We.]'. Assumptions 1 and 2 imply cross-sectional independence. Together with
Assumptions 3, we know that the innovation for the regressor e;; and the regression error ejs
are independent for all ¢ # j and ¢t # s. The regressor is independent of the error at all leads
and lags and hence is completely exogenous. We introduce this stringent assumption to simplify
various technical difficulties arising from the complexity of panel model with a structural break.
In practical applications, this independence assumption is restrictive and may not hold. To relax
this assumption, one could follow Kim (2011) and include a factor loadings structure in the error
term. Kim (2011) estimates a common deterministic time trend break in panel data, and finds
that the strong cross sectional dependence generated by the common factors reduces the rate of
convergence and thus eliminates some of the benefits of panel data. While this is beyond the scope
of this study, we nevertheless conducted some simulations in Section 5 to investigate the impact of

cross sectional dependence.



3 Ordinary Least Squares Estimator

Let YO = (yp1,-,yer)s XD = (X, Xor)s 28 = (0, ,0, X g1+, Xir)'s and U =

(wig, - ,uiT)/ denote the stacked data and error for individual ¢ over the time periods observed.

Stacking the data over all individuals, we get Y = ( ywr ooy )/, X = ( X x )”
/

Zy = ( Zél)/, e Z(()")/ > and U = ( g gy )/. All of these vectors are of dimen-

sion Tn x 1. Using this notation, (2) can be written in matrix form as

Y =Xy + Zy0 + U. (5)
For any possible change point k, we define the matrices Z]gi) = (0, ,0,% k11, - ,77) and
!/
7y = ( Z}il)’, o ZIE”)’ ) . The OLS estimator of the slope parameters which depend upon k,
is given by:
%\ [X'X X'z, 17 [ XY ©
on )| ZLX Z,2 ZY

and the corresponding OLS sum of squared residuals is given by:

SSRors (k) = (Y — XAk — Zib)' (Y — XA — Ziby).

The OLS estimate of the change point is obtained as follows:

kors = arg 1I<T11€i£1TSSROLS(k)‘

Define Vors(k) = SSRors — SSRors(k) = SI%Z;CMZ;C, where SSRors is the sum of squared
residuals for the case of no break, i.e., ko = T and M = I — X (X'X)"1X’. As shown in Bai (1997),

to minimize SSRors(k) is equivalent to maximizing Vors (k). This implies that
kors = arg 1£1£TSSROLS(k) = arg 1I§nka§XTVOLS(k)

and R
. kors
ToLs = 5

3.1 When there is a break point

In this section, we show the consistency of the change point estimator and derive its rate of con-

vergence when a break point exists, i.e., 7p € (0,1) and ¢ is a nonzero constant. We assume

Assumption 4 (B — 51 # 0.



Assumption 4 ensures that we have a one time break in the systematic part and that the pre
and post break samples are not asymptotically negligible, which is a standard assumption needed
to derive any useful asymptotic result.! In pure time series, an assumption of shrinking magnitude
of the break is needed to derive the limiting distribution of the change point estimator. Otherwise
not enough information is provided by the time series data to identify the true change point. As
discussed in Feng, Kao and Lazarova (2009), this shrinking magnitude assumption of the break is
not needed in panel data. For example, when many economies are observed each year, one can
identify the structural change by simply examining the activities of these countries over years.
Therefore, the large number of observations on countries can be used to derive the asymptotics
around the true break date. Following Feng et al. (2009), the magnitude of the break S — (3 is
assumed to be fixed throughout the paper. The following theorem shows that 7prg may not be

always consistent in the pure time series case.

Theorem 1 Under Assumptions 1-4, in the pure time series case, where n = 1, for o € (0,1) and

as T — oo, we have the following results:
(a) when |p| <1 and [N <1,
foLs = T0;
(b) when p=1 and |\ <1,

J 1 1 1 2
foLs — arg max ————— [/ We —(1— 7‘)/ We] :
T 0

relr7A T (1 —17)
(¢) when |p| <1 and A =1,
foLs = T0;
(d) when A =p=1,

TOoLS A arg max |F (r,79)+ S (T):|/F (r)* [F (1,70) + S (T):| ,

TE[T,7]

where
F(r)=P(r)=P(r)P(0)" P (1),

'In general, for any z; with nonzero mean 6, the model in Equation (1) can be rewritten as

L (a1 4 $10) + b1 (wir — ) + it fort=1,...,ko
yit (a2 + B20) + Ba (it — 0) + wi fort =ko+1,..,T °

where the new regressor is zero mean again. From the equation above, we can see that a change in the slope implies
a change in the intercept, as long as the initial regressor x;; has nonzero mean.



PO -PEOIPO7 P (5,0 ,) s

POPO PO -P@I(,,° ) e

1 1
S<T>=< Tely e )—P(T)P(O)‘1< 7oy )

Ugaefo W. W
1
and P (1) = (alf_l;-[/ ;7;]71 WE)-
EJr g 15

Theorem 1 implies that 7org is consistent when |p| < 1 but inconsistent when p = 1 if there
is a break in the pure time series case. To be more specific, when |p| < 1 and |A| < 1, this
is consistent with the findings in Nunes et al. (1995). When |p| < 1 and A = 1, as discussed
in Bai (1996), both 7ors and IQ:OLS are consistent in this cointegration model. When p = 1 and
|A| < 1, Tors converges to a function that does not depend on the true value of the break fraction 7.
Similarly, when p = A = 1, 7org converges to a function that includes F (r, 1) F (7) "' F (7, 7) and
S (1) F(r)"'S (7). One can show that the function F (r,70)' F (r)"' F (1, 7) will be maximized
at 79, but the function S (7) F (7)™' S () does not depend on 7y at all. This implies that 7015
is inconsistent when p = 1, whether |A\| < 1 or A = 1. Overall, using the relationship that
TOLS = kOLS /T, we know that IACOLS is inconsistent except in a cointegration model. In fact, if
the magnitude of the break § is fixed, the asymptotic distribution of kors — ko depends upon
the underlying distribution of the regressors and error, e.g., Picard (1985) and Bai (1997). This
difficulty can be overcome with panel data. As shown in Bai (2010), the consistency of lAco LS can
be established in a mean shift panel data model. The theorem below extends Bai (2010)’s results

to the case where the regressor and the error term are allowed to be I(0) or I(1) processes.

Theorem 2 Under Assumptions 1-4, for 19 € (0,1) and as (n,T) — oo, we have the following

results:
(a) when |p| <1 and |\ <1, kors — ko= O, (L),
(b) when p=1 and |\ < 1, kors —ko =0y, (L) if LT — 0;
(¢) when |p| <1 and \=1, kors — ko = O, (2);
(d) when X =p =1, kors — ko = O, (;1).

Theorem 2 shows that the consistency of l%OLS can be achieved even for a fixed 9, as long as
n is large. That is, large cross-sectional dimension will create enough information to identify the

true change point. Unlike the time series set-up, for fixed ¢, koLs is consistent with convergence



speed of n when |p| < 1 and || < 1. However, when p = 1 and |A| < 1, consistency of korg needs
% — 0. When A = 1, no matter whether [p| <1 or p =1, kors is consistent with nT convergence
speed. This is because when [p| < 1 and A = 1, x4 is an I(1) process that is strong enough to
dominate the I(0) error term. When A = p = 1, large n helps to reduce the noise caused by the
I(1) error term as in the panel spurious regression (e.g., Kao, 1999). Besides, the consistency of
the estimator of kg in panel data has a different meaning. For fixed T, the fixed kg can be regarded
as a parameter. Theorem 2 shows that as n — oo, kors — ko. For large T', ko increases with T,
however, the distance between the estimate and the true value vanishes, i.e. IQ:OLS —ky — 0 as
(n,T) — oo. This consistency concept is different from the one in the standard textbooks. Since

ToLs = l%o 1s/T, Theorem 2 implies the following proposition.

Proposition 1 Under Assumptions 1-4, for 1o € (0,1) and as (n,T) — oo, we have the following

results:

(a) when |p| <1 and [N <1, fors—70=0p (=5);

(b) when p=1 and |\ <1, Fors — 70 =0, (%) if LT — 0;

n

(¢) when [p| <1 and A =1, Tors — 10 = O) (ﬁ);
(d) when A=p=1, Tors — 10 =0, (ﬁ)

Proposition 1 shows that the fraction estimate Torg is always consistent with a convergence
speed of at least n. Comparing this result with that in Theorem 1, it is clear that Torg in a panel
data setting is robust to different values of A and p. This highlights the difference between the

results in the panel data case and those in the pure time series case.

Define D,,; = <n0T ngﬁ

=5 (Eo LS) can be established as follows:

>. With the estimator 12;, the asymptotics of ’S/EOLS =% (EO LS) and
5~

koLs

Theorem 3 Under Assumptions 1-4, as (n,T) — oo, we have the following results:

(a) when |p| <1 and [N <1,

1 1
R ( 02)2 N ( : 2)?
. 1-X 1-A
VAT (3,5 =) dnlooz| O mowEmE Y Tmawe
~ Y e —_— !
Vil (8, —6 T 0 w1 0
0 (17)\2)2 0 (17/\2)2
T ro(1—Ap)2o? 0(1=70)(1=Ap)*02



(b) when p=1 and |\ <1,

570 0 %Tg 0
“apl/2 (s (A+1)? A+1)?
—_111/2 g . »Ye 17_0 0 1 0 )
T—'D & ) 6 3
T 202 o2(1—7o)
(c) when |p| <1 and A =1,
1 1
v I o g
DnT (’Y%OLS —’7) ﬂ} Nlo o2 1 Tg(l_P)2U§ ) _75(1—0)2021 .
Dié? <5EOLS - 5) ¢ T 7o 02 T0(1—70) (2)
0 _7'5(17,0)20';1 0 *rg(l—ﬂ-g)(l—p)gag1

(d) when A =p =1,

1/2 370 0 670 0
-1 A _ 2 2(1—79)
T DnT (ﬁyk?OLS 7) d 2 0 302 0 _3(1+70;)a§
T-1p*/? (SA — N O 570 0 3 0
nT korLs 0 2(1—79) 8 4
" 3(4m0)ol 3(1—1—7—0)2021

As shown in Theorem 2 and Proposition 1, lg:o s and Tors have faster speed so that ’AYEOLS and
5EOLS have the same distributions as 4y, and dy,. Hence Theorem 3 implies that the asymptotic
distributions of &@OLS and 5E0Ls can be established as if the change point were known. Let W be
a two-sided Brownian motion on the real line, that is W(0) = 0 and W (r) = Wi(r) for r > 0 and
W (r) = Wa(r) for r < 0, where Wi and Wj are two independent Brownian motions, e.g., see Picard
(1985). We have the following Theorem:

Theorem 4 Under Assumptions 1-4, for 7o € (0,1), and as (n,T) — oo, we have the following

results:

(a) when |p| <1 and |\ <1,

bin(kors — ko) KN arg max [W(r) - ‘g’] ,

2
£

{(a1—a2)2+ ey (51—52)2] ’
o2 [(aﬁag)%i(ﬁrﬁzf]

(1—p)2

where by =

)

(b) when p=1 and || < 1,
bQTL

i r
Ea (kOLS - ko) LN arg max [W(r) — H] ’

2

2
[(a1—a2)2+ 1i5>\2 (81 —52)2}
where by = S
TO(TEO'e (Bl—/32)2

(1-x)2

)



(c) when |p| <1 and A =1,
bsnT (l%OLS — ko) L\ arg max [W(r) — w} ,

where by = 7o (1 — p)2 (81 — 52)2 ol/oZ;

(d) when A =p=1,
binT (kors — ko) 50,

where b4 =170 (61 — 52)2 0'?.

Theorem 4 shows the asymptotic distribution for kors in the panel data case. The density
function of arg max [W(r) - %l} has been well studied by Bhattacharya (1987), Picard (1985), Yao
(1987), and Bai 21997). It is symmetric about the origin. For pure time series, Bai (1997) found
that the asymptotic distribution of the change point estimator is non-symmetric when regressors or
disturbances are nonstationary.? Theorem 4 finds the same result for panel data. More specifically,
in Theorem 4, the convergence speed depends upon the true break fraction 7y except for the
first case when |p| < 1 and |A\| < 1. For example, in case (b), by is proportional to 1/79. This
means that a smaller 7y is easier to identify than a larger 7. Similarly, in cases (¢) and (d),
bz and b4 are proportional to 7p. It implies that a larger 7y is easier to identify than a smaller
70. These findings will be further discussed in the Monte Carlo simulation section. For case (d)

when A = p = 1, Theorem 4 shows that nT' <l%o LS — k:g) = 0, (1) . This is an improvement on the

result nT <l%o LS — k()) = Op (1) in Theorem 2. However, the limiting distribution in this spurious
regression case can not be derived. Overall, Theorem 4 implies that the distribution of koLs is
not robust to different values of A, p and 7y. Realizing this disadvantage, we consider a FD-based

robust break point estimator in Section 4.

3.2 When there is no break point

In this section, we discuss the consistency of the break fraction estimate when there is no break

point, i.e., § = 0.

Theorem 5 Under Assumptions 1-3, in the pure time series case, where n = 1 and when 19 = 0 or

1, as T — oo, we have the following results:

(a) when |p| <1 and |A| <1,

tors = {0,1};

2We thank a referee pointing this out.
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(b) when p=1 and |\| <1,

2
TOLsgargmax [/ We — 1—7‘/W6] ;
TETT]T 1—7‘

(¢) when |p| <1 and A =1,

tors 2 {0,1};

(d) when A =p=1,

fors = arg max S (1) F ()" S (1),

TE[T,T]

where S (1) and F (1) are defined in Theorem 1.

Theorem 5 implies that 7ors is consistent when |p| < 1, but not consistent when p = 1 in the
pure time series case. This is consistent with the findings in the previous literature. To be more
specific, when |p| < 1, as discussed in Nunes et al. (1995), Tors converges to 0 or 1 when a break
point does not exist. However, when p = 1, Nunes et al. (1995) and Bai (1998) show that there is
a tendency to spuriously estimate a break point in the middle of the sample when the disturbances
follow an I(1) process, even though a break point does not actually exist. For the panel data case,

we have the following theorem:

Theorem 6 Under Assumptions 1-3, for 19 = 0 or 1, Tors LN argmax M* (1) as (n,T) — oo,
where M* (1) = R/ (1) Q7 () R (1) + [R(1) = R(7)]'[Q (1) = Q (1] ' [R(1) = R(r)], where Q (7)
and R (1) are defined below for each case.

T 0 1—17 0
() ol <1 and |\ <1, Q(r) = (O Tog>,cz<1>—@<7>:( ; <1T>gg),R<r>:

1-A2 1-22
0 1- 0
N | 0,0202 Z)- I and R(1) — R(7) = N [ 0,0202 0 ! 1-7 . With prob-
(1-pA)? (1-pA)?
ability 1, M* (1) < M*(0), and M* (1) < M* (1) for every 0 <t < 1.
T 0 1—7 0
() If p =1 and ] <1, Q(7) = o QM -QMM) =1 , ez B()=
1-X2
kr2 (T—k)(1—7)(1+27) 0
N (0,0303 ( 8 ) and R(1)—R (1) =N (0,020—3 ( 8 (17)(1+T)>>.
2(1 /\) 2(1—-X)2
With probability 1, (0) < M* (1) < M* (1) for every 0 < 7 < 1.
0 1—7 0
(c) If ol <1land A =1, Q(7 ( T%g), Q(1) = ( (1—r2 gg> (1) =
T2 2

0
N |0, Jgag 2
2(1 0)?

ability 1, M* (1) < M* (0

) and R(1)—R(1) =N (O o2 ( 0 )) With prob-
(0),

and M* (T <M*()f0revery0<7‘<1
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0

(1—7’2)0? )
2

(d) [fp=A=1,Q(r) =

o vl
(el
\‘l\D
Niq
LN
~_
Q
—~
=
[
Q
—~
\]
N—
Il
VR
—
o |
\1

R(T)=N|0,0%02
6 0
With probability 1, M* (1) > M* (0) and M* (1) > M* (1) for every 0 < 7 < 1.

6

First of all, Theorem 6 shows that when there is no break point in the model, 7015 {0,1}
if |p| < 1, whether [A\| < 1 or A = 1. Secondly, 7ors - 1if p =1 and |A| < 1. As we will see in
the simulation results in Section 5, the empirical distribution of k is not symmetric and the highest
probability mass of k occurs at the right tail. This is because the signal x;; is a stationary I(0)
process and the error term wu;; is a nonstationary I(1) process when p = 1 and |A| < 1. The error
term dominates the signal and we are actually checking if there is a break in the error term. And
of course, the answer is no. For an I(1) process, the variation increases as ¢ increases. Hence at
the right tail where k is close to T', it looks more like a jump. Finally, when there is no break in
the model and p = A = 1, the spurious break problem that is found in Nunes et al. (1995) and Bai
(1998) in the time series case also exists in the panel data case. This is consistent with the findings
by Hsu and Lin (2011).

4 First Difference Estimator

With individual effects, the panel regression model in Equation (1) becomes

Vit = a1 + Brwig + iy + ugg fort=1,..., ko (7)
& Qg + Boxiy + i + i fort=ko+1,...,T
for i = 1,..., n. After the within transformation, Equation (7) becomes
it = (1 — a) T2 + By + mui + s fort=1,...,ko
’ (a2 — 1) 2 + BoFyy + n2i + it fort =ko+1,...,T,

0 (1—7)%(14-27) 0
T4 and R (1)_R (T) =N |0, O‘?O‘? ’ (1—7)2(1+2T+3T2)

))

_ T . T _ T T
where Jit = Yit— 5 D opq Yits Tit = Tit—7 Dp_q Tit, Uit = Uit— 7 D p_q Ui, Ti = (B1 — Pa) (% Y i—kot1 xit)

and 12; = (B2 — p1) (% Zfil xit>. We can see that although the within transformation wipes out
the fixed effects ju;, it creates new fixed effects n1; and 72; which are due to subtracting the average
of the regressor in a different regime with a different coefficient. To solve this problem, one could
interact the individual dummies with the time change dummy. However this method is infeasible
without knowing the true change point k. It implies that the parameters oy, as, 51 and [2 cannot
be identified using within estimation without knowing the true break date ky. Hence we focus

on the FD estimator instead to wipe out the individual effects. Applying the FD transformation,
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Equation (7) becomes

BrAwi + Augy fort =2,... ko
Ay = (a2 —a1) + (B2 — B1) Tit + Auyy for t = ko +1 ; (8)
BoAxi + Augy fort =k +2,....,T

where Ay = Vit — Yit—1, Ay = T — xi4—1 and Auy = uie — u;p—1. As we can see, the form of
Equation (8) for cases t = ko + 1 and ¢ > ko + 2 are different. As discussed in Feng et al. (2009),
ignoring this difference will not change the estimation result for a large 1. We apply the least
squares estimate using the FD data {Ay;, Aazit}fﬂ to obtain k. Therefore, Equation (8) can be

approximately written as
Ayt = Y2 Azt + 02 Axyy - 1{t > ko} + Auyy, i=1,--- ,n;t=1,---,T,

where 2 and d9 are the second elements in v and d, i.e., yo = 51 and d3 = B2 — 1.
Let DY(z) = (Ayig, e ,AyiT)/, DX(Z) = (ACEZ‘Q, tee ,AxiT)/, DZ(()Z) = (0, tee ,0, Axi,ko+17 ey, AxiT)’,

and DU® = (Aug, -+, Au;r) denote the stacked data and error for individual i over the time pe-
riods observed. Stacking the data over all individuals, we get: DY = ( pyWr ... Dy )/,
DX = ( DX ... DX )’7 DZy = ( DZ(()I)', o DZ(()")' )l, and

pU = ( puvw, ... pyut®r )/. All of these vectors are of dimension n (7' — 1) x 1. Using this

notation, The model in Equation (8) can be rewritten in matrix form as:

DY = DX~y + DZyos + DU. (9)
For any possible change point k, we define the matrices DZ,(j) = (0, ,0,A%; 11, ,Azir) and
/
D7, = ( DZ,gl)/, e DZIE”)' ) . The FD estimator, which depends upon k, is given by:

%%\ [ DX'DX DX'Dz,] ' [ DX'DY
521 ) | DZLDX DZ,DZ, DZ.DY

and the corresponding sum of squared residuals is given by:

SSRpp (k) = (DY — DX A9, — DZ30a1) (DY — DX Aoy, — D Zydo ).

Define VFD(]C) = SSRFD - SSRFD(/{?) == S%kDZkMDxDZk, where SSRFD is the sum of squared
residuals for the case of no break, i.e., kg = T and Mpx = I — DX(DX'DX)"'DX’. Similar to

the argument for the OLS estimator in Section 3, the FD estimator of the change point is given by

kFD = arg Qg}clgTSSRFD(k) = arg QISI]kagXTVFD(k) (10)
and R
A krp
FD 7T .



One can see that Az = (A —1) 25,1 + € and Auye = (p — 1) ujr—1 + e are I(0) processes. This
implies that first differencing will always transform the data into a case with stationary regressor

and error term.

4.1 When a change exists

In this section, we show the consistency of the change point estimator and derive its rate of conver-
gence when a break point exists, i.e., 7p € (0,1). After the FD transformation, the regressors and
the error term will always be I(0) processes. For comparison purposes, let us discuss the result in

the pure time series case, i.e., n = 1.

Theorem 7 Under Assumptions 1-4, In the pure time series case, where n = 1, as T — oo, we

~ p
have TFD — T0-

Theorem 7 shows that 7rp is always consistent in the pure time series case. However, l%FD
may not be consistent. As shown in Bai (1996), kors is even consistent for the cointegration case
in pure time series. After first differencing, only 7rp is still consistent but kpp is not consistent
anymore. In the panel data case, the FD-based estimator of k can always guarantee consistency.

Similar to case (a) in Theorem 2, we have the following Theorem.
Theorem 8 Under Assumptions 1-4, for 7o € (0,1), we have krp — ko = Op (%) as (n,T) — oo.

Theorem 8 shows that the FD-based estimator kpp is always n consistent, no matter whether
the regressor and error term are stationary or nonstationary. Since ];:F p has a faster convergence

speed than /n consistency of the slope parameters, the asymptotics of o Bep = 2 (/%FD> and

02 orp
are given in the following theorem.

= 52 (I%F D) can be established as if the change point were known. The asymptotics results

Theorem 9 Under Assumptions 1-4, as (n,T) — oo, we have

Nl i>N<0,w2< ! 1‘“)),
(52a/k\7FD_62 P -7 1—-179

where 1) = [1 +(A—1) >0 /\231 o2 and

2 2
w={ 1+ O=D =3 | + [N | X [(o- 12000+ (=12 22070] B o202,
j=0 j=0 r=1

Theorem 9 shows that the convergence speed of :}/ﬁpp and SQEFD is always vnT', whether the

regressor and the error term are stationary or nonstationary.
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Theorem 10 Under Assumptions 1-4, for 7o € (0,1), as (n,T) — oo, we have

2
Wn(l%pp — ko) 4 arg max [W(r) - |£q ,

where ¢ and w are defined in Theorem 9.

Different from IQ:OLS in Theorem 4, the asymptotic distribution of kpp is robust to different
values of p, A, and 79p. As discussed in Yao (1987) and Bai (1997), the distribution function
arg max [W(r) - |;—‘] is symmetric with critical values +7 and +11 for 10% and 5% significance
levelsf respectively. Confidence intervals for kg can be therefore constructed. do = B2 — B1 can be
estimated using 52@1:13' By Theorem 9, we know SZ,EFD = 02 + 0p(1). ¢ and w can be estimated by
) = T%T Sy Zle Az? and @ = n% Sy Z;F,tﬂ Az Az Allis Ay, where Adiy; is the residual
from the FD regression. Similar to Lemma 16 in Baltagi et al. (2012), it can be shown that
Y =1 +0,(1) and & = w + 0,(1) and hence M - % = 0p(1). Theorem 10 implies that
n (l% = k()) = Op(1). Hence

62 q?  53? X

2,]{7 D
: krp — ko) = 0,(1).
- n(krp 0) »(1)

It means that Theorem 10 yields the same results by replacing ds, ¥ and w with their consistent
estimates. It is worth pointing out that we prove consistency and derive the asymptotic distributions
of the FD estimator even when the regression is spurious, i.e., when the regressor is nonstationary
with nonstationary error term. As one referee points out: This robust estimator of the unknown
change point using FD could be useful in the context of testing for cointegration or no-cointegration
in a panel data context. For example, after estimating the unknown change point using FD, one
can split the data and compute the regression residuals from the sub-samples. Then one can use
the mixture of residuals from the sub-samples to perform the usual residual based test for panel

cointegration.

4.2 When a change does not exist

In the time series set-up, as shown in Theorem 5, the OLS-based estimator is inconsistent when
p = 1. In fact, Nunes et al. (1995) and Bai (1998) show that there is a tendency to spuriously
estimate a break point in the middle of the sample using the OLS-based estimator when the
disturbances follow an I(1) process, even though a break point does not actually exist. This

spurious break problem can be solved by using the FD-based estimator.

Theorem 11 Under Assumptions 1-83, in the pure time series case, where n =1, and asT — oo,

for 70 =0 or 1, we have 7pp > {0,1}.
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Similarly, the FD-based estimator 7rp is also consistent in the panel data case.
Theorem 12 Under Assumptions 1-3, for o = 0 or 1, we have 7rp = {0,1} as (n,T) — co.

Theorem 12 shows that 7rp always converges to 0 or 1. After the FD transformation, the
regressor and the error term will always be I(0) processes. Different from the results in Theorem
6, the spurious break problem will not happen if we use the FD based estimator of 7. Hence the

FD-based estimator is robust whether a break point exists or not.

5 Finite Sample Performance

In this section, Monte Carlo simulations are conducted to study the finite sample properties of

l%o s and ];:F p. We consider a simple model
yit:1—{-$it—|—5-1{t>k0}+5$it-1{t>k‘o}—{—uit, 7 = 1,--' ,n;tzl,--~ ,T,

where z;; and w;; follow an AR(1) process given in (3) and (4), respectively. A and p are varied
over the range (0,0.2,0.5,0.8,1) and 02 = 02 = 5. The sample size T is fixed at 50, and n is varied
over the range (1,10,50,100). For each experiment, we perform 1,000 replications. We consider
two cases: 0 = 0 when there is no break point; and § = 0.2 when there is a break point in the
sample at kg = 15 and 35. For each replication, the break point is estimated using OLS and FD.
Due to limited space, we only present the results of cases for (A=0,p=0), (A=0,p=1) and
(A=1,p=0) and (A =1,p = 1) and provide the rest of these results in the appendix available in
the working paper version of this paper. Basically when the values A and p are small, the findings
are similar to the value of 0. Similarly, when the values A and p are large, the findings are similar
to the value of 1. Overall, for all these A and p combinations, we find the same conclusion reported
in the paper: The FD estimator remains robust to all cases considered.

Figures 1-4 show the empirical distributions of l%o Ls and I%FD. When there is no break point,
the highest probability mass of k occurs at both tails for (A=0,p=0) and (A=1,p=0). The
highest probability mass of kors occurs at the right tail for (A =0,p =1). However, the mass of
the distribution is more concentrated in the middle than in the tails for (A =1,p =1). It means
that a spurious break still happens in panel data, even for a large n. When there is a break point
at kg = 15 or 35, the estimator is not concentrated around the true break point when n = 1 except
the case (A=1,p=0). As n increases, the estimate of k is improved with the increase in the
number of cross-sectional observations n. This indicates that in the panel data set-up, if the cross-
sectional dimension is large, the weak signal can be strengthened by the repeating regression across

the cross-sectional dimension. This argument is similar in spirit to the argument of establishing
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consistency for the panel spurious regression, see for example Phillips and Moon (1999) and Kao
(1999). It is worth pointing out that the empirical distribution is not symmetric for kg = 15 and 35
except for case (a) in Figure 1. Our simulations suggest that Theorem 4 makes predictions about
finite sample behavior that are reasonable.

When there is no break point, the highest probability mass of /%F p occurs at both tails for all
combinations of A and p. Different from kors, the spurious break problem does not appear for
(A=1,p=1). When there is a break point at kg = 15 or 35, the estimator is concentrated around
the true break point as n increases. Moreover, the estimate of k£ using FD converges to the true
break faster than the one using OLS except for the cointegration case.

To investigate the effect of cross-sectional dependence, following Kim (2011), we consider the

following model

yit:1+xz‘t+5'1{t>k0}+(5xit'1{t>kfo}‘f'h;Ft"’uit, iZl,---,n;t:1,~--,T,

where Fy = 0.6F;_1 +n; with N (0,1), and h; is 0.5 for n = 1, and drawn from U (0, 1) for the
other values of n.

Figures 5-8 show the empirical distributions of /Q:OLS and /;:FD, that ignore the cross-sectional
dependence, when in fact there are common factors. Comparing results with Figures 1-4, we see
that the highest probability mass under cross-sectionally dependent factors is lower than those
without cross-sectional dependent factors. In fact, in Figure 8 where (A =1,p=1), ]%FD cannot
find the true break point kg = 15 anymore. The asymptotic properties of the change point estimate
depend upon the specification of the error process, the specification of the regressors, whether
there is serial correlation and cross sectional dependence, among other things. In this paper, we
only focused on robustness with respect to serial correlation. Deriving the asymptotic properties
of the change point estimate by allowing for cross-sectional dependence is an interesting research
question, however, we believe it is beyond the scope of this paper. From our limited Monte Carlo
results, we know that the FD may do more harm than good if we allow for strong cross-sectional
dependence. In fact, our limited experiments indicate that the FD estimator of the change point
is not robust with respect to strong cross-sectional dependence generated by a factor structure. A

thorough investigation for this problem is needed following the work of Kim (2011, 2014).

6 Conclusion

In this paper, we discuss the estimation and inference of the change point in a panel regression not
knowing whether the regressor and error term are stationary or nonstationary. Also, the change

point may be present or not present in the model. We consider the change point estimation using
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the OLS and FD estimators. Different from the results in the pure time series case, consistency

of the change point estimator can be established. The distribution of the OLS-based estimator of

the change point varies over different values of p and A. However, the FD-based estimator of the

change point is robust to stationary or nonstationary regressors and error term, no matter whether

a change point is present or not. Based on these results, we recommend the FD-based estimator of

the change point.
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Figure 1: Empirical Distribution
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Figure 2: Empirical Distribution of l%o s and I%F D, no common component, A =0, p=1
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Figure 3: Empirical Distribution of l%o s and kp D, no common component, A=1, p=0
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Figure 4: Empirical Distribution of l%o Ls and I%F D, N0 common component, A=1, p=1
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Figure 5: Empirical Distribution of kors and kg D, with common component, A =0, p=0
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Figure 7: Empirical Distribution of kors and kp D, with common component, A=1, p=10
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Figure 8: Empirical Distribution of ];‘O s and l%p D, with common component, A =1, p=1
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